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Interaction of a shock wave with a mixing region 


By N. RILEY 


Department of Mathematics, University of Manchester 
(Received 25 June 1959) 


The interaction of a simple wave, in steady supersonic flow, with a two-dimen- 
sional mixing region is treated by applying Fourier analysis to the linearized 
equations of motion. From asymptotic forms for the Fourier transforms of 
physical quantities, for large wave-number, the dominant features of the 
resulting flow pattern are predicted; in particular it is found that a shock wave, 
incident on the mixing region, is reflected as a logarithmically infinite ridge of 
pressure. For two particular Mach-number distributions in the undisturbed flow, 
numerical solutions are obtained, showing greater detail than the results pre- 
dicted by the asymptotic approach. A method is given whereby the linear theory 
may be improved to take into account some non-linear effects; and the reflected 
wave, for an incident shock wave, is then seen to consist of a shock wave, 
gradually diminishing in strength, followed by the main expansion wave. 


1. Introduction 

The problem of the interaction of a shock wave with a boundary layer has, 
over the past few years, received considerable attention from both experimental 
and theoretical workers. By contrast, the problem of the interaction of a shock 
wave with a mixing region has received scant attention. Perhaps the most com- 
mon interaction of the latter type occurs when a supersonic jet emerges from a 
nozéle in which the pressure is less than atmospheric pressure, although an 
equally common but less obvious case is when a strong shock wave (i.e. strong 
genough to cause separation) interacts with a boundary layer. The separation 
point is then situated well upstream from the point of incidence of the initial 
shock which, consequently, is itself directly incident upon a layer of fluid in 
which the fluid velocity falls to zero, in the ‘dead-air bubble’, before the wall is 
reached, just as in a mixing region. The present problem can then perhaps also be 
considered as a special case of a shock-boundary-layer interaction. The main 
experimental results concerning interactions of shock waves with mixing regions 
are in the form of Schlieren photographs of supersonic jets, such as those taken 
at the Manchester University Fluid Motion Laboratory by Johannesen (1957). 
The difficulties in obtaining measurements by mechanical methods in these small 
regions are very great, owing to the relatively large disturbance created by any 
instrument which might be placed in the flow. 

Important theoretical contributions to the problem of the interaction of a 
shock wave with a boundary layer have been made by Lighthill (1950, 1953). He 
considers an ideal fluid in which viscosity and heat conduction are neglected and 
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replaces the boundary layer by a shear layer in which the Mach number falls from 
its main stream value WV, to zero (Lighthill 1950) at the wall, or to J/, (Lighthill 
1953) when an inner viscous sublayer is considered. The equations of plane steady 
flow are used and products of small quantities arising from small disturbances to 
the basic parallel flow are neglected. In the present problem, concerning the 
interaction of a shock wave with a mixing region, the same procedure is adopted, 
the mixing region being represented by a semi-infinite layer of vorticity in which 
the Mach number varies continuously from its main stream value M, to zero 
asymptotically at large distances from the main stream. The flow is assumed to 
be parallel everywhere. Owing to the absence of any solid boundary, there is no 
need to consider any inner viscous sublayer in this problem. 

Having substituted this shear layer for the mixing region, it would hardly seem 
fair to refer to the mixing region as such, as in fact no mixing is taking place; 
consequently the ‘mixing region’ will be referred to as the ‘non-uniform’ region. 
The equations of motion are formulated in terms of derivatives ¢/0s and ¢/én 
along and at right angles to the streamlines, with the flow direction and a 
suitably defined pressure coefficient as dependent variables depending only on 
the Mach-number distribution, and not on the separate velocity and temperature 
distributions. If the disturbances to the uniform parallel flow are small and if, 
in the undisturbed state, the fluid is flowing in a direction parallel to the z-axis, 
then to a first approximation the derivatives ¢/0s and ¢/0n may be replaced by 
0/dx and o/ey and the Mach-number distribution by its undisturbed value. 

The Fourier transform of the pressure coefficient is defined and an ordinary 
differential equation which it satisfies is derived. Asymptotic solutions of this 
equation, with a general undisturbed Mach-number distribution, are obtained 
for large wave-number in the subsonic region, the solutions being continued 
across the sonic line by a method due to Langer (1931). In this way asymptotic 
forms of the Fourier transform of the pressure coefficient, reflected wave and 
flow direction are obtained, which in turn enable us to pick out the singularities in 
these quantities. It is thus shown that an incident wave in the form of a shock 
wave is reflected as a pressure ridge, as in Lighthill’s boundary-layer theory. 

Using a specific Mach-number distribution in the non-uniform region, it has 
been found possible to solve the equation for the Fourier transform of the 
pressure coefficient exactly. Using this solution it is not difficult to show that the 
upstream influence (i.e. the distance upstream which the disturbance penetrates) 
is only of the order of one layer thickness. The reflected wave for this Mach- 
number distribution has been calculated using numerical methods, analytical 
methods proving too intractable. When the incident wave is in the form of a 
shock wave the reflected wave is seen to consist of a very narrow region of com- 
pression followed by a broader region of expansion; photographic evidence in 
support of this is available. From the reflected wave for an incident shock, it is 
shown to be possible to calculate the reflected wave for an incident Prandtl- 
Meyer expansion fan which is found to consist of a slight further expansion 
followed by a region of compression. An interaction of the latter type occurs when 
a supersonic jet, in which the pressure is greater than atmospheric pressure, 
exhausts into the atmosphere. 
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In the linear theory, first approximations to the physical quantities are 
obtained, but the characteristic network is left unchanged as two sets of parallel 
lines. This is the fundamental failure of linear theory, since the characteristics 
along which the physical quantities are predicted are incorrectly placed. Several 
methods (Whitham 1952; Lighthill 1957; and Kantrowitz 1958) are available for 
obtaining a correctly modified first approximation to the flow pattern, and the 
method used here, anticipated by both Lighthill and Kantrowitz, is outlined in 
an appendix. The flow is assumed isentropic, which means that third-order terms 
due to entropy changes at the shock are neglected, so that any shock waves 
occurring must not be too strong. The mass flow in a given direction is examined 
and in the isentropic-flow theory this becomes multi-valued under a compressive 
disturbance. It is shown that a shock wave, inserted so as to leave the total mass 
flow unaltered, renders the mass flow single-valued though discontinuous and 
satisfies all the equations governing the complete flow pattern, under the isen- 
tropic-flow limitation. If we were to make the further assumption that products 
of small quantities are to be neglected, we should recover the method outlined by 
Whitham (1952). The resulting flow patterns, displayed graphically, show very 
clearly how the reflected expansion wave interacts with the adjacent shock wave, 
gradually weakening it. 


2. Equations of motion 
The equations of motion governing a perfect gas, with constant adiabatic 
index y and zero viscosity and thermal conductivity, which flows in a steady two- 





dimensional pattern, are 9 r, 
x (pu)+pux— = 0 
ds (pu) +f On . 
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pus =P) pt ==} (1) 
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expressing conservation of mass, momentum and entropy along a streamline, 
respectively. The derivatives ¢/¢s and ¢/0n are derivatives along the streamlines 
and normal to them, respectively. The velocity is denoted by its magnitude u and 
direction @ which is the angle a streamline makes with some fixed direction, say 
the x-axis. The pressure p and density p are related to a the local velocity of 
sound by a = (yp/p)+. Elimination of 0u/és, qo/¢s between the first two and last 
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where M = u/a is the local Mach number. If we now define a pressure coefficient 


¢ = log (p/p,)"”, where p, is some constant pressure, then equation (2) and the 
third of equations (1) reduce to the simple form 
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Suppose the flow pattern consists of a basic parallel flow in the z-direction upon 
which is superimposed a small disturbance, then the streamlines will only be 
displaced by a small amount from their undisturbed state, and so to a first 
approximation we may take 0/¢s = 0/0x and 0/én = 0/dy, giving 


~ 


_ atin, 22 = ae 
{1— M*y)}— = My): ll 

4 

— (4) 
ee Me. i 


If p, is taken to be the pressure in the basic flow then the pressure coefficient 

= (p—p,)/yp,. In the basic flow we assume that the Mach number distribution 
Mw) is a function of y only, continuous for all y and decreasing in 0 > y > —o 
with M(y) > 0 as y> —w and M(y) = M, > 1 for y > 0. We see then that the 
distribution of pressure coefficient @ and the streamline pattern (deducible 
from #) depend only on the distribution of Mach number M(y) and not on the 
separate velocity and temperature distributions. The equation for w obtained by 
eliminating 9 from equations (4) is 


~=0. (5) 


If the cause of the disturbance is taken as a simple plane wave incident on the 
non-uniform region from outside, then, by the theory of small disturbances to a 
uniform supersonic stream, @ must, in y > 0, take the form 


f(x+Bys)+9(x- By), (6) 


where f represents the incident wave, g the reflected wave, and £ = (M?—1)}. 
The function g is what we particularly wish to determine in the present 
investigation. 
The boundary condition at y = 0 is that the pressure field be continuous with 
the field given by (6); this may be written 
Cw is 


(2° +. 


ox = 0y/}y=0 


= 2Bf"(z), (7) 


providing that the derivatives are continuous across y = 0. Lighthill (1950) has 
shown that they will beso as long as 1/(y) is continuous. To complete the formula- 
tion of the problem we need another boundary condition, and it would appear 


reasonable to take this as 
(W)y-+-« > 9. (8) 


at’, 


Equation (5) must then be solved under conditions (7) and (8). When the 
pressure field has been determined the reflected wave can be derived from the 
equation 


-—) = 267'(2), (9) 
/y=0 


and the flow direction @ from the second of equations (4). 
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3. Fourier analysis 
If f(x) can be expressed as a Fourier integral 


f(x) = [ , cike P(k) dh, (10) 
then we shall seek solutions for a, pane # in the form 
(x,y) = | eT (k,y)dk, (uy) 
g(z) = | : ike GK) dk, (12) 
6(2,y) = [ E cikx H(k, y) dk. (13) 


If a substitution for 7, from (11), is made in equation (5), the following ordinary 


differential equation for II is obtained: 
d7{1 Mt’ (y)dIl 4, 2( 
dye? My) dy * +k*{M%(y)—1}11 = 0, (14) 


the boundary conditions (7) and (8) becoming 


II ,(k, 0) +ikBI(k, 0) = 2fikF(k), (15) 
I(k,y)>0 as yo-o. (16) 


For convenience, when model profiles are chosen, solutions of equation (14) are 
better expressed in terms of the basic solution II)(k, y), where 


TI,(4,0) = 1, IIj(k,y)>0 as y+ —oo. (17) 
Then, to satisfy the boundary conditions (15) and (16), we must have 
(ky) = 7 aE Oripll is 0)’ 
and from (9), (11), (12) and (18) the Fourier transform of the reflected wave is 
aprons G(k) = [ikBTI(k, 0) —II,(k, 0)]/2ik 
Ilo (k, 0) — tkBIIg(k, 0) 


= PUTT. (ke, 0)+ ikBlTg(k, 0)" (19) 


(18) 


Also, we have the Fourier transform of the flow deflexion, from the second of 
equations (4) and equations (11), (13) and (18), given as 
H(k,y) = Ei My 75 My (ky) 
a 2BF (k)Io,(k, y) . 7 (20) 
M*(y) (To, (k, 0) + ikBTg(k, 0)} 
Except for very special Mach-number distributions M/(y), equation (14) is very 
difficult to solve analytically. For the moment we shall confine ourselves to 
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approximate solutions of equation (14) for large values of the parameter k, for, 
by now, it is well known how the singularities of a Fourier integral can be 
deduced from the asymptotic behaviour of the integrand (see e.g. Lighthill 1958). 
The main features of the flow can be predicted in this way. Solutions for a 
particular form of M(y) will be discussed in §5. 


4. Asymptotic solutions 

In order to estimate the asymptotic behaviour of II(k, y), we must refer to some 
of the results of a theory first fully developed by Langer (1931). The results which 
we shall need are set out briefly in appendix A; a more detailed summary is given 
by Lighthill (1950). 

Considering now equation (14), we know from the ‘W.B.K.’ theory that 
asymptotic solutions as |k| + oo must be a combination of the two forms 


M(y) {1 — M2%(y)}-t =, (21) 


y 
where 8 =| {M?(y) — 1}4 dy, (22) 
nv 


and y = y, is the sonic line in the undisturbed flow such that M(y,) = 1. In the 
subsonic region, i.e. in the interval —oo < y < y,, we have M(y) < 1; hence 
s = —i|s| from (22) and, from (21), any asymptotic solution as |k| + co must be 


a combination of M(y) {1 — M2(y)}-t e&*'*, (23) 


where |s| > coasy > —o. Clearly then, to satisfy the second of conditions (17) 
we must take for the asymptotic form of I1)(k, y), as |k| + 00, in the subsonic region 


I1,(k,y) ~ A, M(y) {1— M*(y)}+* exp[—k|s 
= A, M(y) {1 — M%(y)}-4 LH (k) e-*" + H(—k) e, (24) 





sgn k] 


where sgn k = k/|k| and H(k) = 0 fork < 0, H(k) = 1 fork > 0, and A, is, as yet, 
an arbitrary constant. 

Writing I1,(k, y) as a combination f,(/) u,(y) +f2(k) u(y), where u, and uw, are 
given in equation (62) by Langer’s theory, enables us to determine f,(k) and f,(k) 
and hence continue the solution into the supersonic region y > y,. Thus, since 
$= —i|s|, 


fey += =) — p(ey(< + A = A,[H(k) e-*'s\ + H(—k) ek, 


_ ae hE (KY 
giving filk) = AHR) kh H _ By 1)! 
- ~ 
(25) 
fx(k) = a [H(k) kt + H(—k) ( _py| 
N 7 / 


With f,(k), f.(k) given by (25), we have 


eiks e—iks \ i piks p—tks 


fullo( 


Gk + pi) +fulk)( + — = 2A,cos(ks—4asgnk), (26) 
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giving, as the solution in the supersonic region, as |k| — 00, 


M(y) {M?(y) — 1} cos (ks — farsgn k) 


II,(k, y) ~ 27 
of) M,(M?2—1)-+4 cos (ko — }arsgn k) (27) 
r0 
where o = s(0) = | {M?(y)—1}4dy and the arbitrary constant has been chosen 


on 
to satisfy the first of conditions (17). 
Now from (27) and (19) we have, retaining only those terms in Io, which 
contain a factor k and discarding terms of lower order, as |k| — 00, 





G(k) ~ F(k) e~**? ison k. (28) 


And so, if the incident wave represents a simple discontinuity in pressure, of 
magnitude yp, A on the characteristic x + fy = 0, so that 


f(x+ fy) = SA[1+sgn (x + fy)], (29) 
we have, as |k| — 00, 
Fb) 2m (30) 
i ila 
giving, from (28), 
A ; 
hy we y— Riko 1 
i(k) on ah (31) 


Equation (31) shows us that 
A P : 
g(x— fy) = — - log |a— fy —2o|+( (continuous function), (32) 


indicating that the reflected wave possesses not a simple discontinuity but a 
logarithmic singularity on the characteristic 2 — fy — 20 = 0. Although a positive 
logarithmic infinity of pressure is postulated in the reflected wave, this cannot be 
realized physically, and may be interpreted (see Lighthill 1950) as a pressure 
ridge, that is, as a rapid compression followed by a rapid expansion. 

The reflexion of an incident wave of the form given by (29) can perhaps be seen 
more clearly by examining the pressure coefficient w(x, y) in the supersonic part 
of the non-uniform region y, < y < 0. From equations (18), (27) and (30), we 
have, as |k| > 00, 


Sik ai M(y) {M?(y) — 1}-4 (<7) etk(s—o) 4 (an) e—ik(s “| (33) 
YM (Met L\ ak, 2a ||, 








showing that w(x, y) has a discontinuity of magnitude 
M(y) {M?(y) —1}-4 
M,(M?—-1)-4 
A M(y) {M*(y) — 1\-4 
: "a 


A on t=0-8, 


whilst a(x, y)+— log |x—(7+3)| 


is continuous on x = o +8. The incident wave then, on entering the non-uniform 
region at (0,0) is propagated along the characteristic with slope 


da/dy = —{M(y)— 1}, 
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that is along the line x = o —s, until the sonic line y = y, is reached at x = a; the 
wave is then reflected along the other characteristic through this point, x = 7+ s, 
emerging from the non-uniform region at the point (20, 0) and proceeding along 
the characteristic x = fy +20 as we saw in (32). The singularity of the pressure 
coefficient @ on the sonic line itself may be oe from equations (18), (25) 
and (64), since we know that II,(4, y,) ~ f,(k) u(y) +fo(&) ua(y,). In this way we 
see that w(x, y,) possesses a singularity of the ini 


; 577 577 
|jz—a|-8 (san (x—@) cos iat sin “i (34) 

It is worth noting here that if the incident wave f(x) consists of one or more 
simple discontinuities in the pressure gradient, then no infinity of pressure in the 
reflected wave arises. This can be seen by observing that Cw/0x satisfies the same 
differential equation and boundary condition, when y—> — 00, as @ itself. Thus, if 
in the incident wave ¢w/¢ex has a discontinuity A,, then the reflected wave will 
possess a region of logarithmically infinite pressure gradient. Again, if the 
incident wave possesses a discontinuity —A, in 0w/ex followed by one of A, 
representing a Prandtl—-Meyer expansion, then the reflected wave has a region of 
large negative pressure gradient followed by one of large positive pressure 
gradient. Integration to find @ shows that a Prandtl-Meyer expansion is 
reflected as an expansion followed immediately by compression. 

Although the flow direction is directly deducible from the second of equa- 
tions (4), it is interesting to investigate it by methods similar to those developed 
above. Consider, first, the flow in the supersonic part of the non-uniform region 
when the incident wave is given by (29). In this region the asymptotic form of the 
Fourier transform of the flow deflexion, given by equations (20), (27) and (30), as 
| k| > oo, 1S 
Hik (M2 —1)t{M2(y) )— 1} (iA 

(9) ~~ M@) \2k“ 
The first term in (35) indicates that on crossing the characteristic x = o —s (along 
which the incident wave lies) the flow is deflected by an amount 

(M2—1)t{M%(y) - 1}4 
M, M(y) ‘ 
agreeing with the weak wave deflexion — A(M?—1)4/M? at y = 0. The second 
term in (35) shows that, on crossing the characteristic 2 = 0 +8, the flow is 
subjected to a logarithmically infinite deflexion, as may be expected when a 
logarithmically infinite pressure is involved. 

In the subsonic region y < y,, equations (20), (24) and (30) give us, as |k| +00, 

(Mz— 1k {1 — M%(y)}4 ae. | e-lkilsl g~ike 
J2M, M(y) 2n|k|  2ak i 


—ik(o— er - —ik(o+s) (35) 





H(k,y) ~ (36) 


Neglecting the factor e~*''*' for the moment, we see that the fluid is violently 
disturbed in the neighbourhood of x = o, the point on the sonic line at which the 
incident wave is reflected, as we may have imagined. The effect of the factor 
e~*''s\ is merely to smooth out, over a distance of the order of |s|, the other 
features present. 
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Both equations (35) and (36) imply that the flow along the sonic line y = y, does 
not undergo any discontinuous change in direction. That this is so can be shown 
by examining the singularities of 6(x, y) along the sonic line. From equations (20) 
and (30) we have 


H(k, y,) = A 3 Ho (F, yx) cos (ka — lnsgnk)exp[—iko+}misgnk]. (37) 


ak? 


Substituting for Ilo (4, 41) from (25) and (64) in (37), and performing the trans- 
formation, shows that on the sonic line @(x, y) contains no singularity worse than 


bia 


|x—olé (ssn (~—o) cos 357 8in 5, ), 


indicating that the flow along the sonic line suffers no discontinuous change in 
direction. 


5. Solution with model profile 

As we have seen, in § 4, it is possible to examine the main features of the flow by 
finding asymptotic forms, as |k| — oo, for the Fourier transforms of the reflected 
wave g, the pressure coefficient @ and the flow direction 0, and hence picking out 
the singularities in these quantities. This was achieved without specifying the 
Mach-number distribution M/(y) uniquely. We shall now, using a specific Mach- 
number distribution, examine the afore-mentioned quantities in more detail. 

Let the Mach-number distribution in the non-uniform region be given by 


M(y) = M,e4", (38) 
where A is a positive constant. This satisfies the conditions imposed on M(y) in 


§2. Before substituting for M(y) in equation (14) from (38), it is convenient in 
this case to transform the independent variable in (14) from y to M(y). We then 


have - 12 
yt 4 ws 
MY) Get Oat? ty) at 
the primes denoting differentiation with respect to y. Putting M(y) = M,e4", 
equation (39) becomes 


+k*{M*(y)—- I = 0, (39) 


11” —yil'+ @('—3 na) II = 0, (40) 

where the primes now denote differentiation with respect to M. If we now put 

II] = zu(z), (41) 

where z= ME/A, (42) 
the equation satisfied by u(z) is 

zu" +2u' + {22?-[1+(k/A)*]}}u = 0, (43) 


the primes denoting differentiation with respect to z. Equation (50) is Bessel’s 
equation, and hence the solution of (40) satisfying conditions (17) is 


H(k,y) = Ce4¥S yscnam (Dh e4%k/ A), (44) 
where C = [Jynicaary (IG k/A)S. (45) 








330 N. Riley 


In the general case of an arbitrary Mach-number profile it has not been found 
possible to say anything about the upstream influence of the disturbance, i.e. how 
far upstream of the characteristic 2 + fy = 0, along which the incident wave lies, 
the disturbance in the non-uniform region penetrates. In the analagous problem 
of shock-wave-boundary-layer interaction, Lighthill (1953) has shown that, even 
for non-separating boundary layers, the upstream influence of a shock wave 
extends some tens of boundary-layer thicknesses ahead of the point of incidence. 
It will be shown that in the present case, when the Mach-number variation across 
the non-uniform region is given by equation (38), the upstream influence is 
negligible, as we may expect in the absence of a wall. 


(*00 
Since f(x) = 0 for x < 0, the transform F(k) = (27)~! e-tkz f(x) dx is regular 
J-« 

in the lower half-plane. Then the only singularities of I1(k, y) are poles at the zeros 
of the denominator of equation (18). Hence, whenever x < 0, the function o(z, y) 
may by (11) be expressed as — 277 times the sum of the residues of I(k, y) e“** at 
the zeros of the denominator of (18) in the lower half-plane. Since only the lower 
half-plane is to be considered it is convenient to put k = —7K, also, as it is unlikely 
that the upstream disturbance will be wavy, we shall confine ourselves to real and 
positive K. 

Before proceeding further we shall now introduce a length 6, to be known as the 
‘mixing region thickness’, such that at y = — 6 the velocity has fallen to only 1 % 
of its free-stream value M/,. Thus, 


M,e-# = 0-01M,, 
giving A = 461/60. (46) 
=~ , 
Now, since w(x, y) = —2mi Y R,(y) eXnz, 
n=1 


the smallest A,, (= K,,say), will give an estimate of how far upstream the 
disturbance penetrates. Defining a = K,/A, equation (46) shows that 


eX. = exp[(4-6la/d) a], (47) 


and hence, if « > 1, equation (47) shows that the disturbance upstream of the 
incident wave is effectively damped out within one ‘mixing region thickness’. 
This means that to show the upstream influence is negligible is to show that no 
zeros of the denominator of equation (18) lie in the range 0 < K/A < 1. We are 
concerned then with solutions of the equation 


IT), (—iK,0)+K£I,(—iK, 0) = 0, (48) 
where I1,(X, y) is given by equation (44). On putting k = —7iK, equation (44) 
becomes 

Hy = O,e4”Zy14_ceiam (Ml, e4”K/A), (49) 
where Cy = Wyp_-ceon (44, K/A)T?. (50) 


If we now put [1—(K/A)*}} =», M,K/A = 9, (51) 
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substitution of (49) into (48) gives, as the equation to be solved, 


Tm), 2B _ 
l a th A ad aon e 2 
or l+v+y wed ™B = 0 53) 


Now, as has been explained above, the object is not to obtain explicit solutions of 
equation (53) but is rather to obtain the negative result that no solution exists in 
the range 0 < K/A < 1,ie.in 0 < 9 < M,. It can be shown that 


(7) : eT - 
+1N i} = n2 Ly a7 | bs bs. 54 
38 4 m=0 m4 m=0 ‘ I ( ) 


where both a,,, 6,, > 0; hence, in the range of 7 under consideration, the last three 
terms of (53) are never less than zero, and so equation (53) has no roots in this 
range. We may conclude that the upstream influence is negligibly small. 
Although analytic solutions of equation (14) have been found when the Mach- 
number distribution is given by (38), it has not been found possible to integrate 
equation (12) analytically to obtain the reflected wave. However, using numerical 
methods in conjunction with a high-speed electronic computer, the form of the 
reflected wave, for a particular free-stream Mach number MM, = ,/2, has been 
found both when the incident wave is a simple discontinuity representing a shock 
wave and when the pressure gradient of the incident wave contains simple 
discontinuities representing a Prandtl—-Meyer expansion fan. For an incident 
shock wave, the reflected wave was expressed, from (12) and (19), as 
tT gy(k/A, 0) + (k/A) AT 9( S ,0) 1 


-1 = (27)-1 P Ji(k! A) Ax —_ dik 
ets = [ie “TT (k/A, 0) +i(k/A) pllq(k/A, 0) ba IA), 


(55) 
where Y = Ay and F(k) is, from (29), given by 
A 
F(t) = 5 5) 7 sea (56) 


where 6(x) is the Dirac delta function such that d(x) = 0, x + 0 and 
| f(x) d(x)dx = f(0) for any 2, > 0. 


The function II,;(4/A, 0), occurring in (55), was obtained by numerically inte- 
grating (14) with the Mach-number distribution given by (38), taking I, = ,/2. 
The reflected wave thus obtained is given in figure 1, where A~!g(x) is plotted 
against Ax, showing the very narrow region of compression followed by a broader 
region of expansion, the overall drop in pressure being of magnitude yp,A. In 
figure 2 the reflected wave, due to an incident shock wave, both for the Mach- 
number distribution given by (38) and for the distribution M(y) = 1M, e~4** with 
M, = 2, are compared by plotting A~1g(x) against x/6, where 6 is the mixing 
region thickness. The comparison shows that the form of M(y), beyond certain 
basic requirements, is not critical in determining the reflected wave. If the 
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incident wave is a Prandtl—-Meyer expansion fan, represented by a discontinuity 
—yp,A/l in the pressure gradient followed by a further discontinuity yp, A/l, 
where / is the length of the expansion and the overall drop in pressure is yp, A, 
then, as we have seen earlier, since 0w/0x satisfies the same equation and 
boundary conditions as @, the pressure gradient in the reflected wave is given as 
a linear combination of two reflected waves of the type shown in figure 1. The 
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FicurE 1. Reflected wave when the incident wave represents a shock wave. 











Lo 
FiGuRE 2. Comparison of the reflected wave due to an incident shock wave when 
(a) M(y) = /2e4¥, -_—_;; (b) M(y) = /2e-4”, -—---. 


reflected wave is then obtained by simple integration. The reflected wave due to 
such an incident wave in the special case Al = 1 is shown in figure 3. This shows 
that there is, initially, a slight further drop in pressure followed by a sharp rise in 
pressure, the overall pressure rise being yp, A. 

The Schlieren photograph shown in figure 4 (plate 1) is an example in which a 
plane shock wave, strong enough to cause separation, is incident on a boundary 
layer. The boundary layer is fully separated at the point where the incident shock 
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meets it, and the wave reflected there is seen to consist of a shock wave preceding 
a broad expansion wave. This shock wave loses its identity when it becomes coin- 
cident with the main reflected wave. Further Schlieren photographs (Johannesen 
1957) show an axisymmetric jet emerging from a nozzle at a pressure less than 
atmospheric; in these the shock wave starting at the nozzle is incident on the 
mixing region and is reflected mainly as an expansion wave. On closer examina- 
tion, however, remembering that we are looking through an axisymmetric jet, 
a thin dark line representing a narrow region of compression is seen immediately 
before the main expansion wave. Although the theory given above is for the two- 
dimensional case, we may expect the results, including the presence of such a 
region of compression, to hold qualitatively in the axisymmetric problem. These 
photographs do then provide evidence in favour of the theory given above. 


10Fr 
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FiGuRE 3. Reflected wave when the incident wave represents an expansion fan. 


6. Improved linear theory 

All the results obtained so far in preceding sections have been obtained using 
ordinary linearized theory; that is, in a uniform two-dimensional supersonic flow 
in which the two sets of characteristics are two sets of parallel straight lines, 
discontinuities to represent incident waves have been fitted on one or more of 
these characteristics pointing upstream, giving rise to a reflected wave situated 
along other characteristics pointing downstream, all the characteristics remaining 
unchanged. This failure of linear theory is fundamental, since regions in which 
shock waves occur are regions where the characteristics have run together and 
overlapped to form a limit line. The method by which we shall find the position 
of the shock wave in such a region is given in appendix B, which should be read in 
conjunction with the following discussion. For simplicity we shall only consider 
the flow around the reflected waves, shown in figures 1 and 3, and only in the region 
of uniform flow. The supersonic part of the non-uniform region will be very thin 
and errors introduced by ignoring it will only be significant at large distances from 
the non-uniform region. Furthermore, since all physical quantities have been 
obtained by neglecting products of small quantities, we shall here neglect such 
terms by using an approximation to tan (#+4), although the method outlined in 
appendix B allows products of smal] quantities to be retained. 


Thus, taking o = Asgnf+g(x— fy), (57) 
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where sgn f = +1 if the incident wave represents a shock wave with pressure rise 
yp, A, and sgn f = — 1 ifthe incident wave represents a Prandtl-Meyer expansion 
with overall drop in pressure yp, A, we have, from (4), 


a = ‘4 = dx 
M2? Jj, oy 
B, - 
hence G = {Asgn f+ 9(x— fy)}. (58) 


MM? 
Also, from Bernoulli’s equation, neglecting products of small quantities, it can 


be shown that (y—-1) M342 
“= t+ 


} ww. 59 
pS he 9 Me M2 — 1) -_ 


a(M,) 
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FiGurE 5. The coefficient «(M,) occurring in equation (60) (y = 1-4). 


Thus, along the correct characteristic z(x,y) = const., we have from (58), (59) 
and (65 
a dx ’ ; . 
= P—a{Asgnf+g(2)} (60) 
dy 
approximately, where « = }f-{(y— 1) M?+2}+ is shown in figure 5. If the 
value of zon acharacteristic is taken as the value of (2 — fy) at the point where the 
characteristic meets the line y = 0, equation (60) can be integrated to give 


x = fy—aAsgnf+g(z)}y +z. =) 


Having found the characteristics, the mass-flow function h(~) can be most 
easily determined along a line x = const. by observing the value of y at each point 
of the line where it is cut by a characteristic. Figures 6 and 7 show the mass flow 
function at different stations when the reflected wave is due to an incident shock 
and Prandtl—Meyer fan, respectively, with A = 0-1. In each case the shock wave is 
supposed to emerge from the non-uniform region at the point (0, 0). The associated 
flow patterns in figures 8 and 9 show very clearly the regions of compression, 
where the characteristics close together, and the regions of expansion where the 
characteristics spread out fanwise. It is important to note that now, in the 
reflected wave due to an incident shock wave, the only point where the pressure 
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is infinite is at (0,0), elsewhere along the reflected shock the rise in pressure is 
finite, decreasing to zero under the influence of the neighbouring expansion fan. 
This removes the main peculiarity of the original theory, and makes what is left 


more satisfactory and credible. 
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Figure 6. The mass flow at different stations when the incident wave is a shock wave. The 
horizontal line cutting off lobes of equal area indicates the position of the reflected shock 


wave (M, = 2, A = 01). 
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Ficure 7. The mass flow at different stations when the incident wave is an expansion fan. 
The horizontal line cutting off lobes of equal area indicates the position of the reflected 


shock wave (M, = 


/2, A = 01). 
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FicureE 8. The flow pattern for the reflected wave when the incident wave is a shock wave. 
The shock wave in the reflected wave is indicated by the thicker line (M, = /2, A = 0-1). 
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FicurE 9. The flow pattern for the reflected wave when the incident wave is an expansion fan. 
The shock wave in the reflected wave is indicated by the thicker line (M, = 2, A = 0-1). 


Appendix A 
The results of Langer’s theory used are briefly summarized here. 
In the equation d2u du : 

ay t PWT (h?q(y) + r(y)} w = 0, 


let p(y), q(y) and r(y) be twice differentiable in y < y < yo. Let q(y) < 0 in 


Yo SY < y, and q(y) > 0 in y, < ¥ < Yo, while q'(y,) > 0. Then two asymptotic 
solutions, valid in y, < y < y, as |k| > 0 for y + y, are 


(y) ( ] |’ i lgl4 eiks 4 e—tks 
Uu,(y) ~ expt — AY : a ’ 
1K. 3: yt “? \qit L(iks)t = (—iks)8 

| 


wy) a ) Is|8 | ee 
u(y) ~ exp] — aI sgn (y—2 PT tl arr | 
a) ~ exp (—3 J, Pay) (een YO anh * (aka 














Journal of Fluid Mechanics, Vol. 7, part 3 





FIGURE 4 (plate 1). Shock wave incident on a two-dimensional boundary layer 
causing separation. 
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y 
where $= [ qt dy. (63) 


When y = 9, — 
s 23( 277 

U;(Y1) = (<5) ” 

2-4(2m)t | — 


(3)! 
If a special asymptotic solution is determined in either of these subintervals then 
it can be expressed in terms of uw, and uw, and hence extended into the other sub- 
interval. In the theory of $4, y = y, is seen to correspond to the sonic line and the 
method described here is used to extend solutions of (14) across this line. 


U(¥1) = 9, ua(y,) = (3)8 {q’(y,)}4 





Appendix B 

The main fault that Whitham (1952) finds with linear theory is that although it 
gives a correct first approximation everywhere for any physical quantity on a 
characteristic, the characteristics themselves are incorrectly placed. From the 
physical quantities given by linear theory, Whitham calculates a first approxi- 
mation to the correct characteristics, and, using the condition that when products 
of small quantities are negligible the shock bisects the pair of characteristics 
which meet it at any point, shows how the flow pattern can be completely deter- 
mined. More refined methods of determining the flow pattern have been 
described by Lighthill (1957) and Kantrowitz (1958), and the method outlined 
below is foreshadowed by both these authors. The method, like Whitham’s, can 
be criticized for assuming the discontinuous character of the solution in advance, 
but, since the only approximation to be made is that the flow is isentropic, the 
method is more accurate than Whitham’s. 

Assuming isentropic flow, we have that on the characteristics which point 
downstream in a two-dimensional flow 


dy = tan(u+9), (65) 
dx 


where yz is the local Mach angle. Since, in isentropic flow, y~ is constant along a 
characteristic and @ is a function of the Mach angle we can write (65) as 


y—xtan(u+6) = const. (66) 
Consider now the flux of mass parallel to the x-axis 
PUlPo Uo = PYCOSO/P...V a0: (67) 


the subscript 00 referring to some standard state of the flow. Now @ = f(u“)—f(#.) 
and pq/PoIa = F(u,..) and so we may write (67) as 


pulppUo = AML, fha)s (68) 


and h(j, 4,,) will be known as the ‘mass-flow function’. It may be shown that for 
a given /,, the mass-flow function is an increasing function of w, and when ,, = j7 
figure 10 shows h as a function of yu. 

22 Fluid Mech. 7 
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Now, since on a characteristic 
y—xtan(u+9) = yy—x) tan (+9), (69) 
it follows that h(x, y) = R(X, Yo)- (70) 
From (69) we may write equation (70) as 


h(x, y) = hl xo, y+ (xy —x) tan(u+)], (71) 
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FicuRE 10. Mass flow function h(“) when 4. = 47. 
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FicuRE 11. Typical mass-flow curve showing FiGurRE 12. Typical non-unique mass- 
breakdown of uniqueness. flow curve with horizontal line cutting 


off lobes of equal area indicating the 
position of the shock wave. 


and so if the mass-flow function is known at any station 2», for all y, then equa- 
tion (71) enables us to find it at any other station x. Since yw is an increasing 
function of the pressure, equation (71) indicates that if a disturbance to the 
uniform flow is compressive, and if at 2, the mass-flow function is a single-valued 
function of y, for some x > 2, uniqueness breaks down and the mass-flow function 
becomes multi-valued as in figure 11. Obviously this state of affairs cannot exist 
physically, and a discontinuity representing a shock wave must be inserted on 
the mass-flow curve in order that the mass flow may remain single valued. Since 
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the area beneath the curve represents the mass flow, the discontinuity must be 
introduced so as to leave the total area under the curve constant, because the 
total mass flow cannot change as a result of the appearance of a shock wave. As 
shown in figure 12 this is achieved by letting the discontinuity cut off lobes of 
equal area on the mass-flow curve. The shock wave first develops where the 
tangent at the point of inflexion of the mass-flow curve becomes perpendicular 
to the y-axis under this shearing process. 

Whitham’s theory may be easily deduced from the above by noting that if we 
neglect products of small quantities then we can write 


tan (#+6) = tany,,+ K(h—-1), (72) 


and so, if the mass-flow function is known at any 2, then, as equation (72) shows, 
it may be deduced at any other value of x by a simple linear shearing process. 
Since this shearing process conserves areas it may be noted that if, on the mass- 
flow function curve even when single-valued, lines are inserted cutting off equal 
area lobes on the curve then further downstream, each of these lines, in turn, will 
become perpendicular to the y-axis cutting off equal area lobes as we require. 
And so if, on a given mass-flow curve, lines are drawn cutting off lobes of equal 
area, then the complete flow pattern can be deduced since the pair of charac- 
teristics which pass through the points corresponding to the end-points of each 
line meet on the shock wave. This is, in effect, the rule given by Whitham (1952). 


The author is indebted to Prof. M. J. Lighthill for his help and encouragement 
throughout the preparation of this paper, also to Dr N. H. Johannesen for 
permission to use the photograph shown in figure 4, plate 1. 
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Centrifugal waves 
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When a hollow circular cylinder with its axis horizontal is partially filled with 
water and rotated rapidly about its axis, an almost rigid-body motion results with 
an interior free surface. The motion is analysed assuming small perturbations to 
a rigid rotation, and a criterion is found for the stability of the motion. This is 
confirmed experimentally under varying conditions of water depth and angular 
velocity of the cylinder. The modes of oscillation (centrifugal waves) of the free 
surface are examined and a frequency equation deduced. Two particular modes 
are considered in detail, and satisfactory agreement is found with the frequencies 
observed. 


1. Introduction 


The term ‘centrifugal waves’ is a convenient one to describe the wave motion 
on the free surface of a rapidly rotating liquid, in which the equilibrium pressure 
distribution is determined primarily by the radial accelerations associated with 
the rotation. A simple apparatus in which the properties of these waves can be 
studied is shown in figure 1. A hollow circular transparent plastic cylinder C was 
supported by roller bearings B and mounted with its axis horizontal. The ends of 
the cylinder were closed except for a small hole H on the axis at one end through 
which water could be introduced slowly. The other end was coupled to a variable- 
speed motor, M. 

When the cylinder is partially filled with water and rotated sufficiently rapidly, 
the water moves with almost rigid-body rotation about a central air core. The 
existence of the gravity field perpendicular to the axis and the presence of the 
free surface together impose a steady (time independent) perturbation on the 
truly rigid body motion, while for certain combinations of angular velocity and 
depth of water for a cylinder of given length, a variety of surface wave patterns 
are observed at the interface. These are most pronounced when the depth of water 
and speed of rotation are such that the half wavelength in the axial direction is an 
integral submultiple of the cylinder length. One particularly striking series of 
wave patterns is such that the free surface inside the rapidly rotating cylinder is 
stationary with respect to the observer. In another series, the wave crests are 
parallel to the cylinder axis and move circumferentially relative to the cylinder 


wall. 

Ihe wave frequencies and angular velocity of the cylinder were measured with 
a stroboscopic light. In a typical experiment, the empty cylinder was rotated at 
a constant angular velocity and water was introduced very slowly by means of 
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a thin tube passing through the hole H. As the depth of water increased slowly, 
the various modes of oscillation would build up and die away in turn, until, when 
the depth approached some critical value, the flow would become unstable and 
collapse suddenly. 









































FicurEe 1. The apparatus for observing centrifugal waves. The hollow cylinder C is 
mounted on roller bearings B and driven by the motor /. Water is introduced through the 
small axial hole H. 


In the following sections, a theory is developed to describe the various motions 
that can occur. At various points in the analysis, comparisons can be made with 
observations obtained in this way. Some of these phenomena were first observed 
by Mr L. Schaaf and Mr R. Drake, and detailed measurements were made with 
the able assistance of Mr E. C. Crist and Mr D. Meredith. I am also grateful to 
Mr W. G. Rose for the discussions we have had about this work. 


2. The governing equations 

Consider the motion inside a rotating circular cylinder of radius a with its axis 
horizontal, partially filled with a liquid of small viscosity, and suppose that the 
angular velocity Q of the cylinder is sufficiently large that the motion of the 
fluid is almost a rigid-body rotation with a central air core. 





FicurE 2. Geometry of the free surface. 
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The momentum and continuity equations for an inviscid fluid* are, expressed in 
cylindrical polar co-ordinates, 





cu cu veu cu v Lcp 
=-+U-+-=+w——-— =—-x—-+9 0089, 
ct cr rood az fr per 
Cv cv va o2 Uv l cy 
+ U = <= t+w—+ ——~-—gsinU 
ct or roo 02 ? prot 
(2.1) 
ou cw vew Cu lcp 
ot + a5 Feo aaa 
ct (an) rc Cz pcz 
1l¢ lev cu 
a (ru) +- — +-— = 
ro rod co 


where uw, v, w represent the velocity components in the directions r, 6, z, re- 
spectively, and the direction 9 = 0 is taken vertically downwards. If gravity were 
absent, the steady motion would be that of a rigid body, with 


where ais the radius of the cylinder and ca (0 < ¢ < 1) the radius of the cylindrical 
free surface. The presence of gravity, acting in a direction perpendicular to the 
axis, results in a steady perturbation on this rigid-body motion, and, as pointed 
out already, there may be in addition oscillatory wave disturbances. Therefore, 
writing 
y= v/a, 

let u = Qa(u,+Ug), 

v = Qa(y+v, +2), / 


w = Qaws, | 


where wu, and v, represent the steady (time-independent) disturbances, and 
Uy, Vg, Wy the oscillating (wave) disturbances whose time average is zero. In the 
presence of gravity, the pressure distribution given by (2.2) is modified by a 
hydrostatic contribution and by the accompanying displacement of the free 
surface over which the pressure is constant. We therefore define quantities 
Pr» Pz by 
p = 4pQ?a*{(y? —c?) + py + pe} + pgay cos 8, (2.4) 
where p, is time independent and the (time) mean value of p, is zero. 
If the disturbances are sufficiently small (the nature of this requirement is 
discussed in more detail later), the dimensionless velocities w,, ug, ..., W, are small 
compared with 7 (c < 7 < 1) and when (2.3) and (2.4) are substituted into the 


* The neglect of the viscous terms in (2.1) is discussed in §3 below. 
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equations of motion (2.1), squares and products of the perturbations can be neg- 
lected. Thus 





Cu, 0 ir. 
+ (Uy + Up) — 2(0, + Vg) = —Z5 a (Pi t+ DP: 
ar +30" 1 2) (vy + U2) 3 Gy (Pat Pa) 
2. ta) + (4 + %) ewe 
——+ 2 ° = v ,)=-—= 3 
CT (u,+ 2 ya) 1 2 27 00 Pit Pe 
os : (2.5) 
Wy OW, _ 1¢ a 
cr | 00 2o¢\P1* Pa 
LS Sy(tuy + tte)} + e | Fen. 
eh Us = a Vo — = 
9 ON * Ny : ee ee 


where 7 = Qt and € = z/a. 
The equations that describe the steady disturbance to the rigid-body motion 


are obtained by taking the time average of (2.5): 


Cu, a lop, 
a ~~ 2 on’ 
OV, . 1 op, 
co “a ~ a, 06’ \ (2.6) 
a 
0g 
cd | 
= (yUu,) + a9 = 0 





The equations for the wave motion are now found by subtracting the set (2.6) 
from the respective members of (2.5), giving 





OU,  OUg 1p, 
= +55 —- 2, = -= =, 
or = . 2 cn 
OV, OV, 1 Op, 
4+ 74 uty = , 
cr 06 . 2y CO 
4) a (2.7) 
OW, " OWs lop, 
or 00 }=2 af’ 
l¢é lov, dw 
=— (Ug) +- 7 + 7 = 0 
non nocd o€ 


We now turn to consideration of the boundary conditions to be imposed on the 
sets of equations (2.6) and (2.7). Clearly, at the cylinder wall, both the steady and 
oscillatory parts of the normal velocity components must vanish, so that 

u,=U,=0 when y=1. (2.8) 
Let the free surface, at which the pressure is constant, be given by 
n = c+6,(0)+6,(8, 67), (2.9) 
where 6, and 6, represent dimensionless steady and oscillatory displacements, 
which are assumed to be small compared with the mean free-surface radius c. 
Substituting into (2.4) and taking the free-surface pressure as zero, we have 


2¢ ae cos 0 + 2c(d, +5») +p, + Po = 9, (2.10) 
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on 9 = ¢, correct to the first order in the infinitesimal wave displacements and to 
the first order in g/Q?a, the magnitude of the steady disturbance. Taking the mean 
and oscillating parts of (2.10), we obtain 


One on 9 ‘ 
py + 2c0, = —2c O2a cos 0 (2.11) 
for the steady disturbance, and 
P2+2cd, = 0 (2.12) 


for the wave motion, both when 7 = c. The neglect of squares and products of 
order (g/22°a)? in these boundary conditions is consistent with the neglect of the 
non-linear disturbance terms in the dynamical equations. 

Finally, we have the kinematic boundary condition 


at the free surface, and since 


we have U, == 
Cc 


and Ue = - 
at 7 = c, for the steady and wave motions, respectively. 


3. The steady disturbance 

It is convenient to collect together from the previous section the equations 
describing the steady disturbance to the rigid body motion, set up by the gravity 
field. They are 








Cu, , Lcp, 
—2, = - — - 
CO : 2 on 
c 7 ) ae l CP 2 | 
ay + 2Uy 9 30 (3.1) 
C liek CY, ‘ 
=— (9 —— = 
qt * og 
with the boundary conditions 
u,=0 at w=! (3.2) 
G 
p,+2cd, = —2c Q2a cos 0 
-7, : at yw=C. (3.3) 
coy | 
u, == 
. cb 


The form of these equations suggests the substitutions 
0, = Acos@, 
P; = P(y) cos8, 
u, = x(n) sind, 


v, = (79) cos8, 
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so that x-2¢6 = -3P’, 
it 
es ou — 
p+2yx ap (3.4) 
X+1X'—9 = 9, } 
and x=0 at g=1, 
| 
P Ie ee é sz ¢. > oO. 
+2cA C Oa, at n=C, (3.5) 





x+A=0 at y=C, 


where the primes denote differentiation with respect to 7. 
Substituting for ¢ from the third equation of (3.4) into the other two, we have 


—xX—2yy' = — FP, 


aa nxt mex’ = BP, 

and on eliminating P, 
ny” + 3x’ = 0. 
A 
n? 


Thus X= +B, 


where A and B are constants to be determined. The first equation of (3.5) gives 
B= —A, so that 


/ l \ ’ 
x(7) = A(,-1), (3.6) 
and from (3.4) it follows that 
oo 
$(9) = At? 1), (3.7) 
3 
P(y) =2A n( 1) 5 (3.8) 


The boundary conditions at 7 = c enable us to determine the constant A and the 
surface displacement A: 


ce g 
twats 9 
2 O2a’ ik 
A=40-0)-2.. (3.10) 
2 Q2a 
The steady gravity-induced disturbance is thus given by 
eg (1 r 
= -3 oe (“.- 1) sin 0, 
eg (1 ' 
"= 5 Or (+ 7 cos 8, 
(3.11) 


2 9 (3 
Pi = —C ope (- 1) cos6, 
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The vorticity of this perturbation is of course zero, since the basic flow has 
constant vorticity. A property of these solutions that is at first sight curious is 
that the central air core has its axis below the axis of the rotating cylinder. 
However, it can be seen readily that as the fluid moves from points 0 = 0to@ = 7, 
it acquires potential energy at the expense of its kinetic energy. The circum- 
ferential velocity when 6 = 7 is therefore less than when @ = 0, so that by 
continuity the thickness of the layer must be greater. 

The solutions (3.11) show that at the cylinder surface 7 = 1, the circum- 
ferential velocity perturbation v, = c*g cos 4/Q?a. If the liquid has viscosity y, 
a boundary layer is formed of thickness (2v/Q)?, since Q is the frequency of the 
perturbation velocity at a fixed point on the rotating cylinder. In order that the 
above solutions be valid throughout most of the region occupied by the fluid, it is 
necessary that (2v/O)t < a(1—c), 

Qa?(1—c)? | 


p 


2. (3.12) 


or that the Reynolds number of the layer be large. This condition is invalidated 
when | —c is very small, and the fluid lies in a thin film inside the cylindrical 
wall. 

In the plane @ = 7, the gravitational and centrifugal pressure gradients are of 
opposite sign, and a necessary condition for the stability of the flow is that the 
net radial pressure gradient be positive. In the absence of wave disturbances, we 
have from (2.4) and (3.11) 


9.3 9 9 G 9 3 
Po=n = $pQPa*|(y? —c2) + oe a" n)| —pgan 
9 9 9 g 3c? | 
= 22 2 e—(¢C* - ante 2 2 fs 
pa (y “+a +e) 
so that a necessary condition for stability is that 
e = gota? on 2 [3 4 (24.0)! > 0, (3.13) 
Coa * Q2a | 9? | 


for c+6, < 7 < 1. This condition is strictest when 


Ps 
y= C+d, = C—S a5 (1—c), 

from (3.11), so that we require 

» er gq = 2 q . 2 

2c Qa | c*) Qt? p10: 

, Q2a 3 . 
approximately, or ; >-. (3.14) 
( c 


This condition states that if the flow is to be stable, the value of Q?a/g cannot 
be less than 3/c (except when 1—c is very small, and the flow is viscosity con- 
trolled). However, instability and collapse of the flow may occur at values of 
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Q2a/g greater than 3/c if wave motions of large amplitude are present in addition. 
This lower limit is illustrated in figure 3, together with some experimental points 
giving measured values of ¢ for collapse at various values of the parameter 
Q2a/g. It will be seen that the observational points all lie above the theoretical 
curve. As mentioned in the introduction, these points were obtained by 
holding the parameter ?a/g constant, and decreasing c from unity by the slow 
addition of water through the hole H. Values of c at collapse were closest to the 
theoretical value when (?a/g was such that, for the cylinder of given length, there 
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Figure 3. The stability condition. 


were no large-amplitude wave modes present as c approached its critical value. 
If there were such waves present, as was usually the case, the collapse occurred 
prematurely at a larger value of c, because of a momentary unbalance induced by 
the waves. Nearc = 1, it is likely that non-linear effects may be significant, since 
for marginal stability the parameter 2?a/g is approximately 3, which is not an 
order of magnitude greater than unity. 

It is perhaps worth noting that for a certain region above the curve shown in 
figure 3, the flow is metastable in the sense that for given values of Q?a/g and 
c two types of flow are possible. The first is the almost rigid motion discussed 
here, and the second a ‘collapsed’ motion in which the water lies at the bottom of 
the cylinder and moves in a closed eddy with an almost plane, though tilted, free 
surface. To restore the almost rigid body motion after collapse, a considerably 
higher angular velocity of the cylinder is required. 
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4. The wave motion 
The equations to be satisfied by the wave motion are conveniently rewritten 
here from §2. The momentum and continuity equations are 
CUg  OUs 10p. )\ 
- = 


CT ob 





The appropriate boundary conditions are 


u.=0 when 7=1, 


Cd, C05 | when 9 =c. 





Consider disturbances periodic in time and in the @- and ¢-directions: 


Uy = x(n)expt(nt +kE+18), 
v, = P(y)expi(nt+kC+18), 
We, = Y(n)expi(nt+kE+10),? (4.3) 
Po = P(n)expi(nt + kE +18), 





6, = Aexpi(nt+kE+16), 


where / is an integer and no confusion need arise over the use of the same func- 
tional symbols, y, ¢, etc., that represented corresponding quantities in the 
analysis for the steady disturbance on the rigid-body motion. 

With these substitutions, the governing equations become 





i(n+l)d+2yx ae > 
eens (4.4) 
i(n+l)y = —4dkP, 
rr Oe 
TX Fale den 
with x¥=0 at 9=1, | 
P+2cA=0 at y=c, (4.5) 


vy=i(nt+l)A at y=c. 
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The equations (4.4) can be solved by substituting for ¢, y and y in the continuity 
equation, giving a single equation for P, namely 


n" 1 , 2 l? pen > 
Pra p'+ (2-3) P =0, (4.6) 
2 _ *[4—(n+l)"] 
T nye = 7 
where y (n+) (4.7) 


Equation (4.6) is Bessel’s equation and since / is integral, the solution is expressible 
(if y2 > 0) in terms of Bessel functions of the first and second kind, 
P(n) = ah(yn) + BY (yn), (4.8) 

where @ and f are constants whose ratio is to be determined. 

The remainder of the solution is obtained readily. From the third of equa- 
tions (4.4), k : 
va 7 (4 
y(9) ae 2(n +1) {a(y9) +BY (y)}, (4.9) 


while from the first two of this set, 


$0) = gaa (nay ++) Fal - 2—2—D alr) 
+Al2+24+)¥ 07) (2-—-D Kil}, (4-10) 


X00) = ga ec ey H+ FDA + 2-2) Jal] 
+Al2+n+)¥ (yn) + 2—n—-D¥Ka(ym)]} (4-11) 


where we have used the relations 


ld l 
ydy Jy) = sy hr Flr 
21S;(5 
le (7/7) = J_s(yn)+4is(y), 


V4 


(4.12) 


and similar expressions for the Y-functions. 
The ratio «/f is determined by the first of the boundary conditions (4.5), and 
from (4.11) we have immediately 


a _(2+n+1) Yay) + (2—n—) Kal) catia 
p (2+2+1) aly) + (2-2) jaaly)’ , 
The second and third members of the set (4.5) determine the frequency equation 
n = n(k,l,c). Eliminating A, 


a =0 at 7=¢, (4.14) 


and substitution from the expressions above gives, after some algebra, 


l l u : 
(+"- =) (yc) + +(44- ere) cae 





i x 2+n+1 
er n—l) As(Y) 
l+n +n a" 
(Face) Hat00+ (FP Hage) Bal) Gary 





om +n+l)¥_j(y)+(2—n—-l Yii(y) 
an implicit relation between n, k, l and c. 
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Of the many possible wave motions, one of the most striking is the one specified 
by 1 = 1, n = 0. The free surface is stationary with respect to the observer and 
stands like a sinusoidally flexed transparent cylinder within the rapidly rotating 
outer case. With / = 1, n = 0 (4.15) reduces to 
(3Y,(v) + Yo(y)} Jo(ve) — {35(v) + Ja(y)} Valve) = 9, (4.16) 


t 
where now y = k,/3. The allowable axial wave-numbers k for this wave mode are 
given by the roots of this equation and are illustrated as functions of c in figure 4. 
It is evident that £ is multiple valued; an infinite number of wave-numbers k with 


es, 
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FiaurE 4. Allowable wave-numbers for stationary waves (n = 0) as a function of c. 


n = 0 being possible for a given value of c. These waves were excited in the 
apparatus only when the wavelength was an integral submultiple of twice the 
cylinder length, so that only a few distinct modes of oscillation were observed. 
The agreement between the wave-numbers of the modes that were excited and 
the theoretical predictions are quite good, points being found near the two lowest 
branches of figure 4. For small values of c we have seen that the flow becomes 
unstable even for large values of Q2a/g, and the minimum attainable value of c for 
almost rigid body rotation in our apparatus was a little less than 0-4. 

If y? < 0, a similar frequency equation can be derived without difficulty, 
involving Bessel functions of purely imaginary argument. If y = 0, that is, if 
either k = 0 or (1+n)? = 4, the above solutions become degenerate. The case 
k = Ois more interesting physically since it represents a two-dimensional motion 
in which the crests are parallel to the cylinder axis and move in a circumferential 


direction. 
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When y = 0, equation (4.6) reduces to 
l P 
Ps: PP ae -_ 0. 
1] Y] 
whence P(n) = Ay! + By, (4.17) 
where A and B are constants. If k = 0, we have immediately from (4.4), 


W(n) = 0 


sia Aly Bly 4.18 
O(n) = Ete a 
P\!) 2(2—n—1) 2(2+n+l)’ ) | 


—i Aly iBly 
J = _ Q 
xt) 2(22—n—l) 2(24+n+l) is 


The first boundary condition (4.5) requires 


BU 24n4l’ 
so that 
A 
P(n) = a {(2—n—l) y!—(2+ n+l) 9, 
Al 
A(n) = aon jr (4.20) 
—itAl 
a oar, ae ele 





The frequency equation follows from the boundary conditions at 9 = c. From 
(4.5), 

2 
-+———- P=0 at y=c, 
x Ie 


whence, on substitution from (4.16), 
n2(1-+c%) + 2nf(1+1)—(1—l) %}+(1+1)—(1—l) c%} = 0. (4.21) 


This frequency equation can be obtained alternatively from (4.15) by a 
limiting process as y > 0, (1+ n)* + 4. The roots of (4.21) are illustrated in figure 5 
as functions of c for the case 1 = 1, which was the mode excited most readily in our 
apparatus. For a given value of c there are two possible wave frequencies, one 
greater and one less than the rotation frequency of the cylinder. The slow waves 
were observed most commonly, and their frequencies agreed well with the 
theoretical curve. The occurrence of these waves was often a prelude to premature 
collapse. On two occasions only were the high-frequency waves observed and 
both times they occurred in combination with one of the other modes. Pre- 
sumably the high-frequency waves are more heavily damped by viscosity, and 
this may account for the relative difficulty in generating them. 

It is interesting to notice that when c = 1—e, € < 1, equation (4.21) gives 
approximately 


n= —U(1+e}), 
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where the relative signs of 1 and n determine the direction of wave motion. In 
a frame of reference rotating with the cylinder, 


n= ¥ let, 


or in dimensional form, with frequency a = Qn and layer depth d = ea, 

















0 05 10 


Ficure 5. The frequency of circumferential waves with one node. 


Since the wavelength A = 2z7a/l, and the wave velocity V = oA/27, we have 
V= (Q2a)3 db. (4.22) 
This is seen to be exactly analogous to the velocity of gravity waves under the 
long wave approximation (A > d), where 
V = ghd. 


The gravitational acceleration g is here replaced by the radial acceleration 22a 
in the rotating system. 


This work was supported by the Office of Naval Research under contract 
Nonr 38(248). 
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The impact of a water wedge on a wall 


By E. COMBERBATCH? 


Department of Mathematics, University of Manchester 
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1. Introduction 

This paper is intended to give some indication of the impact forces of a water 
wave on a wall. The effect of gravity forces in the small time interval of impact 
considered will be small and is neglected. The shape of the wave before impact 
is considered to be a two-dimensional wedge which is assumed to strike a wall at 
right angles to its path. The wedge is assumed to be infinite in extent and to have 
a uniform translational velocity V before impact. The choice of a wedge shape 
enables the problem to be formulated in terms of similarity variables x/Vt, y/Vt, 
where the origin of the 2, y plane is at the initial point of contact of the vertex of 
the wedge with the wall. The solution presented here can be easily adapted to 
the problem of an axi-symmetric cone of water striking a wall, but this is not 
pursued in the present paper. 

A solution is obtained in §5 by suitably joining solutions valid at large and 
small distances from the wall. These solutions are obtained in §§3 and 4, 
respectively. The solution valid far from the wall may be regarded as an 
expansion beginning from the initial wedge shape. The solution valid near the 
wall may be regarded as an expansion beginning from a wedge having its axis 
along the wall and its vertex at the point of contact of the free surface with the 
wall. The method adopted in §5 of joining the solutions valid at large and small 
distances from the wall ensures continuity at the matching point of the slope 
and curvature of the free surface and the free surface potential. The condition 
of the conservation of mass is also satisfied. 

A check on the method of solution is provided by the theorem that, for free 
surface problems with similarity, the are length between fluid particles on the 
free surface is conserved. This theorem has been proved by Wagner (1932) and 
Garabedian (1953). The are length of the solution obtained may be compared 
with the arc length of the wedge shape obtained in the absence of the wall. The 
difference between these are lengths for the 22-2° and 45° semi-angle wedge 
examples computed is 0-05Vt and 0-26Vt, respectively. It may therefore be 
inferred that the expansions and matching procedure used in this paper provide 
a reasonable description of the flow. 

The solution valid far from the wall is obtained in §3 by assuming an expan- 
sion of the flow equations in this region. These equations are approximated to 
give four first-order non-linear equations which are reduced to two first-order 
equations, and a numerical solution is then obtained. Although the solution 
valid far from the wall may be inaccurate near the wall, it is used in §3 to 

+ At present at the California Institute of Technology, Pasadena, California. 
23 Fluid Mech. 7 
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provide a first estimate of the flow there. It is found that the wall condition of 
zero normal velocity cannot be satisfied at all points of the wall in this solution. 
However, by imposing a condition of zero total mass flow across the plane of 
flow, it is found that a moderate approximation to the wall condition is obtained. 
An estimate of the accuracy of the solution obtained in this way is provided by 
the condition of the conservation of mass. It is found that, of the mass displaced 
outside the oncoming wedge shape, 60 °% is conserved for the 22-2° semi-angle 
wedge and 86% for the 45° semi-angle wedge. 

The solution valid near the wall is obtained in §4, and is used to improve the 
description of the flow near the wall of the solution obtained in §3. An expan- 
sion of the flow equations near the wall, similar to the expansion far from the 
wall but with the similarity variables interchanged, is assumed and the flow 
equations are again reduced to two first-order equations. This solution is then 
joined, in §5, to the solution valid far from the wall. The conditions of continuity 
of the slope and curvature of the free surface at the matching point uniquely 
determine the matching of the solutions of the reduced equations. An arbitrary 
constant appears when the matched solution is completed in the physical plane, 
corresponding to an arbitrary position of the vertex of the wedge along the wall. 
This arbitrary constant is determined by imposing the condition of continuity of 
the potential on the free surface at the matching point. For a given angled 
wedge at infinity, the mass conservation condition is satisfied by choice of the 
angle at which the free surface meets the wall. 

In the general problem of wave impact on a wall the total exchange of 
momentum with the wall up to a given time might be crudely estimated by 
supposing that all the fluid, which would have crossed the plane of the wall had 
the wall not been there, has lost all its momentum and the rest has lost none. 
The force on the wall could then be obtained by differentiation with respect to 
time. The analysis of this paper indicates that in two cases (wedges of semi- 
angles 45° and 22-2°) the force is greater than the value so obtained by factors 
2:4 and 1-6, respectively. 


2. Formulation 


A two-dimensional wedge of water, incompressible and of density p, is taken 
to strike a flat wall at time ¢ = 0 with velocity V. The axis of the wedge is 
perpendicular to the wall. The initial point of contact of the vertex of the wedge 
with the wall is taken as the origin of the x, y plane, with the y-axis along the 
axis of the wedge and the x-axis along the wall. The semi-angle of the wedge is 
taken to be tan-! m,. 

The problem is formulated in terms of a velocity potential ® = Q(z, y, t) 
which, for an irrotational flow, satisfies Laplace’s equation 

ep 2D 


oz? Oy? 


= 0 (1) 


at any time f. Bernoulli’s theorem states that the quantity, 
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where p is the pressure at a point in the flow, depends only on the time. 
Boundary conditions of zero normal velocity at the wall y = 0 and on the line 
xz = 0 are derived from the wall condition and from considerations of sym- 
metry about the axis of the wedge, respectively. The flow far from the wall 
approximates to uniform translation given by 


a (3) 


The potential has also to satisfy boundary conditions on the free surface 
y = (x, t), namely, that the pressure is a constant which is taken as zero, and 
that particles in the free surface remain there, which may be written as 
(D/Dt) (y—1) = 9. This second condition is expressed in terms of ® as 


cD en CMe 
ee (4) 
Cy cb CxOX 

The absence of a fundamental length in the formulation of the problem 
implies that a similarity solution is possible. Upon a transformation of the 


independent variables z, y, t to 


aa -_w _ » 
A= ip b= >> t, =t, (5) 


the assumption of a similarity solution implies that the dependent variables are 
functions of A, « and ¢, in the form 


P(x, y, t) = 4 V?A(A, ft), (x,t) = t Vg(A). (6) 


Equation (1) may be expressed in terms of the similarity variables to show 
that ¢ also satisfies Laplace’s equation 
s24,  g2 
a ee (7) 
CA? ou 


The boundary condition (4), valid on the free surface ~ = (A), is transformed to 


aia) du eddu 
— ="-AS+= 5. 8 
an ~ "aN" OAaa (8) 
Substitution of the free surface pressure condition, p = 0, in Bernoulli’s 
theorem, (2), gives that on w = &(A) 
tee (2 2 a6, oe 
Ph 4 (<*) —2A~ —2n +26 =C, 9 
(a5, : au) sek ia le as, (9) 


where C is a constant. Equation (3) for the flow far from the wall gives that 


ie, Sealy (10) 


as 4» 00. Hence, for large yu 


oQ~ —fl. (11) 
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Substitution of the above values for ¢ and its derivatives far from the wall in 
equation (9) yields the value of C as unity provided the constant term in ¢ is 
taken to be zero. Similarly, equation (8) may be used to derive A(dy/dA) ~ +1 
for the asymptotic shape of the free surface. On integration this becomes 


A ~ m(“+1), (12) 


where tan~!m, is the semi-angle of the water wedge. This shows that for time 
t > 0, the free surface in the similarity plane is asymptotic to the wedge with 
vertex at 4 = —1 shown in figure 1. This wedge represents the position the 
original wedge would have reached in the absence of the wall. 


A 


=m, Hom 
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I} / 
“| 
FicurE 1. A-y similarity plane showing a sketch of the free surface “4 = £(A). The free 


surface tends at large “ to A = m,(“+1) which represents the position the wedge would 
have reached in the absence of the wall. 


A simplification of the equations may be made by the substitution 
YA, w) = P(A, w)— F(A? 4+ pL’). (13) 


7 


{quation (7) rewritten in terms of 7 is 


’ C7) 
C+ =—2, (14) 


and the boundary conditions (8) and (9) on the free surface ~ = &(A) may be 
expressed as 


du ey Jey oe 
<= a Li 
dr ai 2 ; " ») 
Cy\? (ew ; 
tal +5) 42h =1 (16) 
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respectively. The flow velocities may be written in terms of y as 


ap (ev apd (au 
ae = V5 +A); — = v(~ +n). (17) 
Cx cA cy Cu 
The boundary conditions of zero normal velocity on y = 0 and 2 = 0 are thus 
c Vj c rN 
() =0, (5) =0 (18) 
CH} u=0 OA J y~0 


The flow equations (14)-(18), derived in terms of y(A, ~), are used in the 
following sections where two solutions are derived which are used at large and 
small distances from the wall. 


3. Solution at large distances from the wall 

In this section the flow equations obtained in §2 are approximated in the 
region far from the wall. These equations are solved in the whole plane to 
provide a first approximation to the flow. It is seen that this solution is 
inadequate near the wall and the solution in this region is modified in later 
sections. 

An expansion of the function 7(A, ) defined in §2 is sought containing as its 
dominant term the wedge behaviour y(A, ~) ~ —4y?—p— 4A? as x > 00, which 
is obtained from (11) and (13). The form 


I 


WA, H) = Pole) + A*YWA(K) (19) 
is assumed, where wy ~ —te-w Wwr~ -4, (20) 


as 4 > 00. This form for y has the same A dependence as the wedge solution at 
infinity. The form (19) satisfies the symmetrical boundary condition 


(ey, GA), =-9 = 0, 
but the wall condition (ey /eu),-9 = 0 
, ; , dys, dy, ; 
: satis / = = 0. 21 
is satisfied only if ‘i ) _ | i ) 0 (21) 


A difficulty concerning this wall condition is encountered later in this section. 
On using the form (19) for 7, the term independent of A in the flow equation 
(14) is ae 96 
Ig +2, = —2, (22) 
where the dash denotes differentiation with respect to ~. The boundary equa- 
tions (15) and (16) for the free surface reduce to 


du Wo 
‘ wen J 23) 
> / > (2 
da cAW, 


where only the lowest powers of A have been retained. 
On making the substitution 
dif, 


du X(¥), (25) 
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equation (22) reduces to the first-order equation 


dx are 2) 9 I, 2) 
du —2y, (26) 
and (23), (24) become 
dd _ 2a, (27) 
du = X - 
dy, 1 (1-2-7? 9,/, 1,2 9 
du od 2y ( r2 “Vy - 4y4) : (28) 


The independent variable y is eliminated from equations (25), (26), (27) and (28) 
since it does not occur on the right-hand side of these equations. Dividing the 
equations (26), (27) and (28) by (25), the system reduces to 


dx ee 2+ 2, 9 
dy x ’ ne 
dA _ 2A (30) 
diy “ 
dy 1 (1-2-7 ., oe 


where the functions A, y, and x are to be interpreted as functions of Wp. 
Throughout this paper the same symbol will be used to denote the same 
physical quantity. 

Further reduction is accomplished by a transformation of the variables. The 
transformation corresponds to the extraction of the asymptotic wedge solution. 
The behaviour of y, and y, as “ > © is given by (20). The behaviour of yy is 
rewritten in the form (1 — 2p) ~ 1p. (32) 
The behaviour of x = dy,/du as p>oo follows as y ~ —,/(1—2y). The 
shape of the free surface as 4 — © is given by (12), which may be expressed, 
using (32), as A ~ m,,/(1—2y,). New variables (v9), 9(W%o), 2(Wo), are therefore 
defined by 


(33) 


where it follows, from the above, that as yz — 00, f, g and z all tend to one. 
Under the substitutions (33), equations (29), (30), (31) become 


a 3 « se i - 
— 20h) gy = P+ F-2)/2 (34) 
dg 
1-2y,)— =9-gf/2 35 
9/, df | 2 42 | ~2 
(1— 2h) Fy = PPS + aera @*— Df (36) 


Reduction to two equations follows immediately as the independent variable 
y%, occurs only in the combination dy,/(1—2y,) and may be eliminated. 
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Dividing equations (35) and (36) by (34), the following two first-order equations 


are obtained dg__g(f-2*) 
dz avon (37) 
df _ g(f- aes /m? ,— (38) 


dz ofa 
The equations (37), (38) are es: atin with the boundary condi- 
tions, f = 1,g = latz = 1. 
Numerical integration of equations (37), (38) requires the initial values of 
dg/dz, df/dz. As the functions on the right-hand side of (37), (38) are indeter- 
minate at the starting point z = 1, an expansion 


f = l+fo(z—1) + f,(z-1)?7+f,(2-1)* +..., (39) 
g = 1+ 99(z—1)+9,(z— 1)? +9.(z— 1° +..., (40) 


near the point z = 1 is assumed. This expansion is then substituted in equa- 
tions (37), (38) to find the required values f), gy. These are given by the equations 


indorsed) : 


Jo = (2—-fo)/(2+So)- (42) 
Further coefficients in the expansions (39), (40) and details of the expansions 
used in the rest of this paper may be obtained from Cumberbatch (1958). Choice 
of the square-root sign to be taken in equation (41) for f, may be decided on 
inspection of the behaviour of equation (34) near z = 1. Substituting the 
expansion (39) in the right-hand side of (34) gives 


dz 


{i« 20) ay. = (fot ee (43) 


to the first power in (z—1). Integration of (43) gives 

J(1— 2p) ~ (2 — 1)“ MYor® (44) 
near z = 1. The value of ,/(1 — 2y)) as 4 > 00, which corresponds to z > 1, may 
be raat from (32) to be infinite, and it follows from (44) therefore that 
(fy + 2) is positive. This condition is satisfied by both signs of the square root in 
(41) pel m, > 1, corresponding to a wedge of semi-angle greater than 45°, but is 
satisfied only by the positive square-root sign for m, < 1. Solutions for wedges 
of semi-angle greater than 45° are not considered in this paper. 

The initial direction of integration from the point z = 1 for the solution of 
the reduced equations (37), (38) is deduced in the following manner from the 
assumption that the free surface expands away from the asymptotic wedge 
shape in the physical plane. The slope of the free surface is obtained from (27), 


using (33), as dj 2 
i aor (45) 
dX mfg 
On using the expansions a and (40), this becomes 
dy 
me oa ~— a 4 
a" “, lg +(1—f,—9o) (2-1) +...} (46) 


360 E. Cumberbatch 


The condition that the slope du/dA increases along the free surface proceeding 
towards the wall from infinity implies that the initial direction of integration in 
the z-plane is chosen so that (z—1) has the same sign as (l1—fy—g)). For the 
45° and 22-2° semi-angle wedges computed, (1—f,—g,) is negative and the 
initial direction of integration is z decreasing. 


oS 


The integration should be terminated at a value of z corresponding to the 
wall conditions (21), which may be written in terms of the reduced variables, by 
using equations (25), (28) and (33), as 


Ly 
om = —24/(1— 25) = 9, (47) 
dy, —1 i 2.9 2 
du 2m? 2g" (1 — 2%») Pee ee ve 
Seid Ta “4 


These conditions are not simultaneously satisfied. This is a weakness of the 
form of yy, given by (19), assumed for this solution. A single condition of zero 
total mass flow across a plane at right angles to the flow is imposed instead. This 
condition may be obtained by integrating the normal velocity, given by (17), 
across the plane of the flow at ~ = 0, as 


v | (“") dA = v (ates ge) =0. (49) 
/0 /n=0 ¢ 


Using the expressions in (47), (48) for di,/du and dy,/du, and equation (33) for 
A, the condition (49) may be expressed in terms of the reduced variables as 


1+ 522+ mi?g2(f—f?) = 0. (50) 


Equations (37), (38) are integrated until values z,,, f,,,, g,, are found which satisfy 
this condition. The wall is taken to be at the position in the physical plane 
corresponding to this point. 

Numerical solutions to equations (37), (38) are obtained for the cases m, = | 
and m, = 1/,/6, corresponding to wedges of semi-angle 45° and 22-2°, re- 
spectively. These solutions are displayed in figure 2. The numerical integration 


proceeds from the point f = g = z = 1 until the mass flow condition (50) is 
satisfied by values /.,., 7,,, Z,,- The values of z,, obtained are small, beingz,, = 0-041 


and z,, = 0-126 for the 45° and 22-2° wedges, respectively. The wall conditions 
(47) and (48) are therefore satisfied approximately as dy,/du is zero when z = 0 
and the vanishing of dy,/d and the mass flow across 4 = 0 both reduce to 
1+m?g*(f—f?) = 0 when z = 0. 

The solution in the physical plane is now deduced. Integration of (34) gives 


V(1—2y%) = kexp | [ 5 = =). (51) 


where k > 0 is a constant. Equation (33) now gives A in terms of z as 


A= ml) exp (| , ). (52) 


9 f_ +2 
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Equations (25), (33) and (34) are used to determine du/dz as 
1—2y 
du v( Yo) (53) 


Using (51), integration of (53) gives 
7 [" zdz dz 
exp ~ ; 
9... eh) DP. Ff 28 
lw / 20 ~ f all cathe f " 
where the constant of integration in this equation has been chosen to give 
fe = 0 at the wall position z = z,,. 


hak 
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FIGURE 2. Numerical solutions to equations (37), (38) for wedges of semi-angle 45° and 
22-2°. The equations are integrated from the point f = g = z = 1 until the mass flow 


condition (50) is satisfied at values z = 0-041 and z = 0-126, respectively. 

The constant k is determined from the condition that the solution has the 
asymptotic wedge behaviour given by (32) at large distances, which may be 
expressed in terms of z, using (51) and (54), as 


a> a 


P = 2dz dz 
L+k| exp({_ sa) aap ~ Pe (| 


2w oe 


2 dz 
2 - ~f= 


Since the integrals in (55) become infinite as z > 1, k is to be found from the 


; es exp (J. = ase a [. (|, > =) 5 Fal. (56) 


21 Zw ~ Zu 20 


equation 


Denoting by z* a convenient point near z = 1, the integrals from z,, to 2* are 
taken outside the limit sign in (56). The integrals from z,, to z* are evaluated by 
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numerical integration and the integrals from z* to z under the limit sign are 
evaluated by expanding the integrand in powers of (z— 1) using the expansion 
(39). For the 45° and 22-2° semi-angle wedge solutions computed, the values of 
k are found to be 1-74 and 1-30, respectively. 

Equations (52), (54) give the shape of the free surface in parametric form with 
z as the parameter. The free surface shapes are drawn in figure 3 for the two 
wedge examples computed. The flow quantities yy, and 7, are given as functions 





16 — 


7] 0-8 q 
0-6 
0-4 F 


0-2 











30 






FiGURE 3. Free surface shapes for the matched solution derived in §5 for the 45° and 22-2° 
semi-angle wedges are shown by the solid lines, with the matching points indicated by a 
cross. Broken lines indicate the position these wedges would have reached in the absence 
of the wall and have their vertices at 4 = —1. The approximate solutions derived in §3 for 
these wedges are shown by dotted lines. 


of z by equation (51) and yy, = —4f(z), respectively. As is given as a function 
of z by (54), the functions A, yp, y%, and z are tabulated as functions of yw in 
tables 1 and 2 for the 45° and 22-2° semi-angle wedges, respectively. The value 
of yy = Wo() +A*Y,(/) on the free surface, yy, say, is given by the tables using 
the free surface A given there. However, y can be evaluated at any point of 
the flow by using the appropriate value of A. 

The pressure on the wall due to the water wedge striking it is deduced as 
follows. The pressure at a point in the flow is given by Bernoulli’s equation (2). 
Under the substitutions made in §2, the pressure coefficient p/4V? may be 
derived in terms of the function y(A, 1) as 
ae (*) - ey. (57) 


bpV2 














ag: 
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Using the form of y given by (19), this is written 

Pp °./, Pad °./,’ ./-/ ¢ 9 
ipV2 = 1-29 — Yo? —A*( 201 + 2, + 4Y7), (58) 
again retaining only A? terms. The pressure distribution (58) is therefore para- 
bolic across planes at right angles to the flow. A more convenient form of (58) 
is derived by obtaining the terms in the bracket on the right-hand side from 


7 A Yo V1 Vr - 


0 2-09 —1-01 0-236 0-024 0-041 
0-006 2-02 —1-01 0-235 — 0-046 0-048 
0-014 1-94 — 1-01 0-231 — 0-141 0-061 
0-026 1-85 —1-01 0-222 — 0-249 0-078 
0-043 1-76 —1-01 0-205 — 0-372 0-102 
0-070 1-68 — 1-02 0-175 — 0-524 0-137 
0-118 1-60 — 1-03 0-115 — 0-738 0-2 
0-204 1-56 — 1-07 0-015 — 1-032 0:3 
0-303 1:57 —1:13 — 0-080 — 1-330 0:4 
0-422 1-63 — 1-23 — 0-168 — 1-679 0-5 
0-571 1-74 — 1-40 — 0-249 — 2-157 0-6 
0-773 1-89 — 1-65 — 0-322 — 2-807 0-7 
1-080 2-17 —2-18 — 0:388 — 4-009 0-8 
1-701 2-74 — 3-51 — 0:447 — 6:863 0-9 
TABLE 1 


TABLES 1 AND 2. Values of the free surface shape A(x), and the flow quantities ¥,(y), 
(4), 2(#) for the approximate solution derived in § 3 for wedges of semi-angle 45° (table 1) 
and 22-2° (table 2). Values of yy = wr along the free surface are also given. 


Wr z 


ic A Yo ~—1 

0 1-000 — 0-347 0-472 0-125 0-126 
0-005 0-974 — 0-348 0-474 0-102 0-136 
0-010 0-948 —~ 0-349 0-475 0-078 0-148 
0-016 0-922 — 0-350 0-474 0-053 0-161 
0-022 0-896 — 0-352 0-472 0-027 0-176 
0-030 0-870 — 0-354 0-467 0-001 0-193 
0-039 0-845 — 0-356 0-460 — 0-027 0-212 
0-048 0-820 — 0-359 0-450 — 0-056 0-233 
0-060 0-794 — 0-362 0-436 — 0-087 0-257 
0-073 0-770 — 0-367 0-416 — 0-120 0-285 
0-088 0-746 — 0-373 0-391 — 0-156 0-317 
0-107 0-722 — 0-382 0-357 — 0-196 0-355 
0-131 0-700 ~ 0-393 0-312 —0-241 0-4 
0-159 0-680 — 0-409 0-258 — 0-282 0-45 
0-189 0-666 — 0-429 0-199 ~ 0-341 0-5 
0-223 0-655 — 0-453 0-138 — 0-394 0-55 
0-260 0-649 — 0-483 0-073 — 0-452 0-6 
0-302 0-647 — 0-520 0-006 — 0-523 0-65 
0-350 0-648 — 0-567 — 0:063 — 0-593 0-7 
0-408 0-655 ~ 0-630 — 0-133 ~ 0-687 0-75 
0-481 0-669 — 0-716 —~ 0-205 —~ 0-807 0-8 
0-576 0-693 ~ 0-843 — 0-277 — 0-976 0-85 
0-719 0-736 — 1-055 —0-351 — 1-245 0-9 
0-991 0-831 — 1-530 — 0-425 — 1-824 0-95 


TABLE 2. For explanation see table 1. 
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(24), which is valid only on the free surface, in terms of the A co-ordinate of the 
free surface A,;,. Obtaining yy = x from (33), the pressure distribution (58) is 


written as r2 
rig = (1—2y,) (1-22) (1 —): (59) 


where the values of yf, z and A, are given as functions of in tables 1 and 2 for 
the two wedge examples computed. The pressure distribution on the wall # = 0 
is shown for these examples in figure 4. 


35, <<< 
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FicurE 4. Pressure distributions on the wall for the matched solution obtained in §5 for 
the 45° and 22-2° semi-angle wedges are shown by solid lines. The pressure distributions on 
the wall for the approximate solution of §3 for these wedges are shown by dotted lines. 


A force coefficient normalized with respect to the angle of the wedge is con- 
structed as follows. In the absence of the wall, the momentum, per unit width 
of the wedge, passing ~ = 0 is pVv, where v is the volume of fluid that has 
crossed 4 = 0 at any stage. A force F, derived as the rate of change of momen- 


tum across 4 = 0, is — dv 
f= ae! v) = pb di’ 


The rate of change of the volume, dv/dt, is expressed as VA, where A is the 

area of the wedge at ~ = 0 at any stage. The force on a wall obstructing 

the flow of the wedge is the integral of the pressure over the wetted area A,,. 

A normalized force coefficient C, is therefore defined as 
l ‘J l P Aw ‘) 

Cr pdA = E 


r= vad), da, (60) 
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where A, is the point of contact of the free surface with the wall. The force 
coefficients obtained in this way for the 45° and 22-2° semi-angle wedges are 
Cy = 2-1 and C, = 1-4, respectively. 

An estimate of the accuracy of the solution obtained using the approximate 
equations (37), (38) is provided by the condition of the conservation of mass. 
In the absence of the wail the fluid occupies the wedge with vertex at ~ = —1, 
as shown in figure 1. The area of this portion of the wedge in w < 0 is 4m,. Ina 
flow obstructed by the wall, therefore, the area of fluid lying between the free 
surface and the wedge A = m,(“+ 1) is equal to 4m, in an ideal solution. This 
area is 

x 
| {A—m,(u+ 1)} dy. (61) 
0 
Transforming to the reduced variables by obtaining the free surface A from 
(52) and uw from (54), the area (61) is expressed as 


mk . leat) exp (|. i =) —1-k I exp (| > =.) —F =| 


(ce gaa dz 


This integral is treated in a similar manner to the integral (56) defining k. 
It may be noted that the singular parts of the integrals in the curly bracket in 
(62) cancel due to the choice of k given in (56). For the 45° and 22-2° wedges, the 
integral (62) has the values 0-432 and 0-123 which are to be compared with the 
values of 4m,, namely, 0-5 and 0-204. These values imply that the solution 
obtained from the approximate equations (37), (38) valid at large distances from 
the wall is inadequate in predicting the flow near the wall. The simple A? 
dependence assumed for y in (19) is unable to describe the slope of the free 
surface near the wall. A more accurate solution in this domain is desired. Such 
a solution is examined in the next section, and will allow a suitable matching 
with the solution valid at large distances from the wall. 


4. Solution near the tip 

In this section a solution is obtained which describes the flow in a region near 
the point of contact, A,,, of the free surface with the wall. The solution is derived 
as the expansion beginning from the vertex of a wedge having its axis along the 
wall and its vertex at A = A,,. The semi-angle of this wedge is the angle between 
the tangent to the free surface at the point of contact and the wall, which is 
taken to be tan-! m,. It is to be noted that the position (A,,) and the angle of 
the wedge determined by m, are as yet arbitrary. In the next section it will be 
described how A,,, m, may be determined to give a good matching of the solution 
of this section with the solution of §3 valid at large distances from the wall. 

An expansion of (A, ) in the form 


(A, f) = Eo(A) + HF (A) (63) 
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is assumed near « = 0. This form satisfies the wall boundary condition 
(dy/0u),-9 = 9. The expansion (63) is analogous to the expansion (19) used in 
§3, with the A, ~ axes interchanged. The equations resulting from the substitu- 
tion of the expansion (63) in the flow equations are therefore obtained by 
analogy with equations (22)-(31), A and yw being interchanged and capitals 
replacing small symbols for the dependent variables. 

Xeduction of the three equations corresponding to (29), (30) and (31) is 
effected by extricting the tip wedge solution. The slope of the free surface at 
the tip, A,,, is —m, and hence 


ju~m A,—A) as pw>0. (64) 


Corresponding to (20), the flow near the tip is given by 


Fo si _~ 3(A,, “i Ay, ¥ A . (65) 
The behaviour of ‘Y, is rewritten as 
J(1-2%) ~ A,-A as wd. (66) 


New variables F(‘Y%), G(‘Y)) and Z(‘¥,) are defined by the equations 
H(%) = — FF (LE), MTG) = me G(%o) (1 — 2K), 
X(‘H) = Z(‘%) /(1- 2"), (67) 
where X = d'‘¥,,/dA. It follows from (64), (65) and (66) that as 1 > 0, F, Gand Z 
all tend to one. A sign change occurring in the last equation in (67) contains the 
only difference from the analogous transformation (33). The equations (37), (38) 
are even in z and are not affected by a sign change in the last term in (33). The 


substitutions (67) therefore lead to equations which are identical with (37), (38) 
with F, G and Z replacing f, g and z, namely 


dG G(F-Z*) 

dZ Z(2—F-Z?)’ 
dF G(F — F?) +(1/m}) (1—2Z?) 
dZ ZG%(2 — F —Z?) 


(68) 


(69) 


Initial values of dG/dZ and dF/dZ are determined by expansions of F and 
G analogous to (39), (40). Choice of the square root sign to be taken in the 
equation for F, = (dF/dZ)z_,, corresponding to (41), is decided from the 
behaviour near Z = 1 of the equation corresponding to (34). The value of 
(1—2'f,) at the tip may be determined to be zero from (66). A negative value 
of (F,+2) is desired to satisfy this condition, and this is only attained when 
m, < 1 and by a choice of the negative square-root sign in the equation for /. 
The direction of integration from the point Z = 1 is deduced from the assump- 
tion that the required solution expands away from the tip wedge shape. The 
slope of the free surface is given by the equation corresponding to (27). Using 
the substitutions (67) this equation is expressed as 


du FG 
a" Fe 


(70) 
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Expanding near Z = 1, 
7 «~mi~(—~R-GiE~ Bs...) (71) 


where G, = (dG/dZ),_,. The direction of integration is chosen such that (Z— 1) 
has the opposite sign to (1— 4 —Gp). 

Equations (68), (69) may now be integrated numerically to provide the 
solution corresponding to the expansion away from the wedge ~ = m,(A,,—A). 
Numerical solutions of (68), (69) for the cases m, = ;/5, 745, corresponding to 
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FicureE 5. Numerical solutions to equations (68), (69) for wedges of semi-angle 3° and 4-8°. 


wedges of semi-angle 3-0°, 4-8°, respectively, are shown in figure 5. The solution 
is valid in the tip of fluid near the point of contact of the free surface with the 
wall and is used to improve the accuracy near the wall of the solution obtained 
in §3. The procedure for matching these solutions is discussed in §5. The solution 
near the tip cannot be completed in the physical plane until the value of Z at the 
matching point is known. Denote this by Z;. 

Transformation to the physical plane of the solution of equations (68), (69) is 
inferred by analogy with equations (51), (52), rewritten with A and yw inter- 
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changed, capitals replacing small symbols for the flow variables and Z, replacing 
z,, as the lower limit of integration. Hence, using (51), ./(1— 2‘) is given by 
(2 ZdZ 


J(1-2,) = Kexp( ,2-F-2 





Oe 


where K > 0 is a constant; and using the substitutions (67), it follows that 


ee cS Gag 
pf = m, KG(Z) exp (|, 22F—z)- 


/ 


The equation for dA/dZ in the solution valid near the tip is derived by analogy 
with (53), but with a sign change resulting from the sign difference in the last 
equations of the substitutions (33) and (67). The equation for A is 


rZ 


A,-A=K 


‘Zz ZdZ dZ, : 
(74) 


exp ( | ' 
> ‘ae if 2 —_ jy lr, 2 
Ja Jz 2-F-Z/2-F-Z 





where the constant of integration has been chosen so that A = A,, at w# = 0. An 
expansion is required to obtain the contribution near Z = 1 to the integral in 
(74) since the integrand is singular at Z = 1. 

{quations (73), (74) give the free surface shape in parametric form for the 
solution valid near the tip. The function y = ‘Y,(A)+?¥,(A) can now be 
determined at any point in the flow by using the appropriate value of ~ and 
obtaining ‘’,(Z) from (72) and ‘l’,(Z) from (67), Z being obtained in terms of A 
from (74). This completes the formal description of the flow in the tip, but no 
numerical values can be given until the procedure for matching the tip flow 
with the solution in §3 is given in $5. 


5. Matching of solutions 


In this section, details are given of how the solutions derived in the previous 
sections may be joined together in as smooth a manner as possible. It is shown 
that a matching point exists at which the slope and curvature of the free surface 
are continuous, the function y is continuous along the free surface and the mass 
conservation law is satisfied. A check on the accuracy of the method used is 
provided by the condition that the are length between particles in the free 
surface is conserved. 

Presupposing that a matching point of the two solutions has been chosen and 
denoting this point by the suffix j, the solution at large distances from the wall 
is given by the solution derived in §3 with z; replacing z,,, as it is not now intended 
to use this solution right up to the wall. The constant & occurring in §3 depends 
on the choice of z,, and therefore needs to be replaced by k’ which depends on 
z;. The value of A at the matching point is given by (52) as 


A; = m,k’g;. (75) 


The formula for ~ corresponding to (54) becomes 


[ zdz dz 


Jq279 -? 


w= nj +k | exp( 2—f—2 
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The condition that the solution at large distances from the wall has the 
asymptotic wedge behaviour given by (32) is expressed as 


= Pal dz 
2) 9 _ 


f-z =~ exp (| 5 7 =.) as zl. 


L+y;+k vexp(| 5 


This equation is used to find a relation between k’ and «; by expressing it in the 
form corresponding to (56) with (1/k’) (1+ ;) replacing 1/k on the left-hand side 
and z; replacing z,, as the lower limit in the integrals on the right-hand side. The 
limit as z > 1 of these integrals is deduced by an expansion near z = | in a 
similar manner to the derivation of k. Thus a given angle wedge at infinity is 
uniquely described up to any chosen join-up point /;. 

The solution valid near the tip has been given in §4. The flow variables and 
the shape of the free surface are given there in terms of the constants mg, A,,, Z; 
and K. The y-co-ordinate of the matching point is deduced from (73) as 


fi; = m,KG;. (78) 


It is seen that the co-ordinates of the matching point A;, “, are given by (75) and 
(78) in terms of the constants k’, K, m,, z; and Z;. The condition (77) for the 
correct asymptotic wedge behaviour gives a relation between y;, k’ and z;. The 
value of A at the wall, A,,, is given by (74) on substituting A = A; and Se = Z;, 
in terms of K, A; and Z,. Thus there are four undetermined constants, which are 
taken to be K, m,, z; and Z;. 

The condition of the continuity at the matching point of the potential on the 
free surface is imposed. That is, the expansions 7/,(j1) +A2y,(2) and ¥ ‘o(A) +e? F(A) 
are to have the same value at the matching point. The values at the matching 
point for the two expansions are deduced from the sets of equations (33), (51), 


(76) and (67), (72), (73), respectively, to give 
1 —k'2—mikf,g? = 1- K?- m3 K*F, GF. (79) 


This equation is regarded as determining K, the positive value being taken, 
leaving the constants mz, z;, Z;, still arbitrary. 

The matching of the two solutions valid at large and small distances from the 
wall has now been effected in terms of the matching points z,;, Z; of the reduced 
equations and m,, the angle at which the free surface meets the wall. The method 
used in choosing z;, Z; will now be explained. Conditions of the continuity of 
slope and curvature of the free surface at the matching point of the two solu- 
tions are imposed. The slope of the free surface in terms of the reduced variables 
of the solutions valid at large distances from the wall and near the tip are given 
in (45) and (70) as 


du Zz : 
bee. (80) 
dA mfg 

du FG 

— = —Ms , 81 

da me Z ( ) 
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respectively. The second derivative of the free surface at a matching point for 
the two solutions may be deduced to be 


ru m " 1 ial >) 

daz a Pf) + mi ne My (82) 
yu Z : 7a\\ ‘ 

: é. +—(1-—Z?)}. 8: 
dA? Km3G4F: 73 | ail. 3 (l ° ) (88) 


By equating the expressions for the first and second derivatives, values of z;, Z; 
may be found at which continuity of the first and second derivatives of the free 
surface is satisfied. It is to be noticed that unfortunately the supplementary 
integrations involved in finding the constants of integration k’, K have to be 
undertaken before the values of the second derivatives at each side of the 
matching point may be found. This makes the solution of (82), (83) numerically 
tedious. The procedure adopted to determine the z;, Z; which give the same value 
for the functions on the right-hand sides of equations (80), (81) and of (82), (83) 
is as follows. A first estimate of the slope of the free surface at the matching 
point is obtained by assuming that it is mid-way between the slope of the wedge 
at large distances and the slope of the free surface at the wall. Values of the 
matching points z;, Z; in the reduced planes of the solutions may then be deter- 
mined from equations (80), (81). The supplementary integrations necessary to 
obtain k’, K are then performed and values of the second derivative of the free 
surface at each side of the matching point are calculated from (82), (83). From 
these values a better estimate for the slope of the free surface at the matching 


point is obtained. In this way continuity of the first and second derivatives of 


the free surface at the matching point was achieved to three significant figures. 


The solution is now determined apart from the value of m,. The condition of 


the conservation of mass is satisfied by choice of m,. In the A, yu plane this 
condition may be seen to be the condition that the area contained between the 
free surface and wedge shape given by A = m,( +1) is equal to the area of the 
part of the wedge lying in the negative y-plane. This condition may be stated as 
i Aap 
km, = {A—m, (“+ 1)} du + pA; — $m, u,(2 +m)+ | pda, (84) 
o Mj j 
where the first integral on the right-hand side is the area outside the wedge 
in « > y;, the other integral is the area outside the wedge in A > A; and the 
we terms = the area of the part lying outside the wedge in the rectangle 
<A<A;,0 < yw < y;. Transformation of the integrals in (84) to the reduced 
heat may oe deduc ed for the first integral by use of equations (52) and (76), 
and for the second integral by use of (73), (74). After dividing by m,, equa- 
tion (84) may then be written 


b= Kk’ . ea sdexp(| 3 iy -—1-k’ a exp(|" 37a) dz 


< exp : [., . a) 5 Feat i a — $4,(2 + 1;) 


2 Me ‘(2 ZdZ dZ . 
[ G(Z Z)exp (2 [ mee ie 7 (85) 
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The contribution near z = 1 to the first integral on the right-hand side is 
derived using the expansions (39), (40). An expansion near Z = 1 in the last 
integral in (85) is needed since the integrand becomes infinite at Z = 1. The 
integral may be obtained numerically up to Z = Z*, a point near Z = 1. The 
integral is expanded between Z = Z* and Z = 1, using the expansions for F, @ 
corresponding to those derived for f, g in §3. 


# A ¥, ¥. Yr Z 
0 1-975 0-5 — 0-5 0-5 I 
0-080 1-026 0-050 — 0-586 0-046 0-99 
0-085 0-981 0-007 — 0-671 — 0-002 0-98 
0-088 0-953 — 0-020 — 0-754 — 0-025 0-97 
0-091 0-934 — 0-039 — 0-835 — 0-046 0-96 
0-094 0-918 — 0-055 — 0-914 — 0-063 0-95 
0-096 0-904 —- 0-069 — 0-991 — 0-078 0-94 
0-105 0-866 — 0-108 — 1-281 — 0-122 0-90 
0-114 0-837 — 0-136 — 1-540 — 0-156 0-86 
0-123 0-815 — 0-157 — 1-770 — 0-184 0-82 
0-133 0-796 — 0-175 — 1-969 — 0-210 0-78 
0-144 0-778 — 0-191 — 2-137 — 0-235 0-74 
0-157 0-762 — 0-204 — 2-275 — 0-260 0-70 
0-171 0-747 — 0-217 — 2-382 — 0-287 0:66 

TABLE 3(i) 

A Yo Vi Wr : 
0-171 0-747 — 0-475 0-338 — 0-287 0-374 
0-186 0-734 ~ 0-483 0-312 ~0-315 0-4 
0-215 0-714 — 0-501 0-258 — 0-369 0-45 
0-247 0-698 — 0-522 0-199 — 0-425 0-5 
0-282 0-688 — 0-549 0-138 — 0-484 0-55 
0-321 0-681 — 0-581 0-073 — 0-547 0-6 
0:365 0-678 — 0-623 0-006 — 0-620 0-65 
0-416 0-680 — 0-674 — 0-063 — 0-703 0-7 
0-478 0-688 — 0-744 — 0-133 — 0-806 0-75 
0-553 0-702 — 0-838 — 0-205 — 0-939 0-8 
0-653 0-727 — 0-978 — 0-277 — 1-124 0-85 
0-803 0-772 —1-211 — 0-351 — 1-421 0-9 
1-088 0-872 — 1-734 — 0-425 — 2-058 0-95 


TABLE 3 (ii) 


TABLES 3 AND 4. Values of the flow variables for the matched solution obtained in §5 for 
the 22-2° (table 3) and 45° (table 4) semi-angle wedges. The first half of each table is to be 
interpreted as giving ‘y, ‘,, Z and the free surface ~ as functions of A in the region 
A; < A < A,, for the solution near the tip. The second half of each table is to be inter- 
preted as giving 7%, y,, z and the free surface A as functions of yu in the region x > yp, for 
the solution far from the wall. Values of iy = yr on the free surface are given in both regions. 

The following procedure to determine m, is used. A first estimate of the tip 
angle is given by the angle between the free surface and the wall at the point of 
contact obtained in the approximate solution in §3. The right-hand side of 
equation (85) is then evaluated for the matched solution obtained using this tip 
angle and this value then indicates a better value for the tip angle, an under- 
estimate for the mass implying that a smaller tip angle is required. 

24-2 
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A solution was obtained in the manner described above for 22-2° and 45° semi- 
angle wedges. The mass conservation condition was satisfied to two significant 
figures by a choice of the tip angles 4-8° and 3°, respectively. The slope and 
curvature of the free surface were matched to three significant figures. The 


r A Y ¥, Yr Z 
0 3:201 0-5 —0°5 0-5 1 
0-072 1-851 — 0-410 — 0:636 — 0-413 0:99 
0-075 1-813 — 0-462 — 0-768 — 0-466 0-98 
0-077 1-790 — 0:493 — 0-899 — 0-498 0-97 
0-079 1-773 — 0-516 — 1-026 — 0-522 0:96 
0-080 1-760 — 0-534 —1-151 — 0-541 0-95 
0-082 1-749 — 0-549 — 1-273 — 0-557 0-94 
0-083 1-739 — 0-562 — 1-392 — 0-571 0-93 
0-085 1-731 — 0-573 — 1-509 — 0-584 0-92 
0-086 1-724 — 0-583 — 1-623 — 0-595 0-91 
0-088 1-717 — 0-592 — 1-735 — 0-606 0-90 
0-094 1-694 — 0-622 — 2-153 — 0-641 0-86 
0-100 1-676 — 0-644 — 2:528 — 0-670 0-82 
0-107 1-661 — 0-662 — 2-859 — 0-695 0-78 
0-115 1-648 — 0-678 — 3-145 — 0-719 0-74 
0-123 1-636 — 0-692 — 3-388 — 0-743 0-70 
0-133 1-625 — 0-703 — 3°585 — 0°-767 0-66 
0-134 1-624 — 0-704 — 3-594 — 0-768 0-658 

TABLE 4(i) 

tt A Yo Wy Wr z 
0-134 1-624 — 1-073 0-116 — 0-768 0-199 
0-135 1-623 — 1-073 0-115 — 0-770 0-2 
0-176 1-593 — 1-090 0-065 — 0-925 0-25 
0-221 1-581 —1:112 0-015 — 1-075 0:3 
0-269 1-583 — 1-140 — 0:033 — 1-223 0-35 
0-321 1-597 — 1-176 — 0-080 — 1-380 0-4 
0-378 1-621 — 1-221 — 0-125 — 1-549 0-45 
0-442 1-655 — 1-277 — 0-168 — 1-737 0-5 
0-512 1-700 — 1-348 — 0-210 — 1-955 0-55 
0-593 1-757 — 1-438 — 0-249 — 2-207 0-6 
0-686 1-829 — 1-554 — 0-287 — 2-514 0-65 
0-797 1-920 — 1-709 — 0-322 — 2-895 0-7 
0-932 2-037 — 1-920 — 0-356 — 3°397 0-75 
1-106 2-192 — 2-226 — 0-388 — 4-090 0:8 
1-345 2-414 — 2-707 — 0-418 — 5-142 0-85 
1-717 2-767 — 3-584 — 0°447 — 7-007 0-9 
2-484 3-504 — 5-846 — 0-474 — 11-666 0-95 


TABLE 4(ii). For explanation see legend to table 3. 


values of z;, Z;, k’, K were 0:374, 0-66, 1-40, 1-20 and 0-199, 0-658, 1-77, 1-55, for 
the 22-2° and 45° wedges, respectively. The co-ordinates A;, 4; of the matching 
point were 0-747, 0-171 and 1-624, 0-134, respectively. The shape of the free 
surfaces for the solutions joined in this way is shown in figure 3, with the 
matching points indicated. Tables 3 and 4 give the values of the flow variables 
for the solutions matched, Y’), ‘’, and Z being given as functions of A for the 


flow in the region A; < A < A,,, and wo, yy, and z given as functions of y for the 
flow in the region 4 > y;. The corresponding free surface values of A and y are 
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given. The values of yy = y, on the free surface are also given, using (19) or (63) 
in the appropriate regions of the flow and using the free surface values of A, yz. 

The flow in the rectangle bounded by the lines A = 0, A; and uw = 0, yp; 
indicated as region ITI in figure 6 is not deduced in the solution presented above. 
The solution (19) at large distances from the wall is valid in the flow region I 
from “4 = #4; to = 00 and the solution (63) near the wall is valid in region II 
bounded by the lines A = A; and A = A,,. However, the solution in region III 








=a 





FicurE 6. Sketch of the matched solution obtained in §5. The solution far from the wall 
obtained in §3 is valid in region I and the solution near the wall obtained in §4 is valid in 
region II. 

may be obtained by a relaxation method, using the appropriate solution (19) 
or (63) on the boundaries adjacent to region III, together with the boundary 
conditions (18) on the other two boundaries. The pressure distribution on the 
wall in the range 0 < A < A; may then be determined from (57). The pressure 
distribution between the A-co-ordinates, A; and A,,, may be derived from the 
solution valid near the tip. The pressure coefficient p/$oV? on the wall ~ = 0 in 
this A range may be deduced from equation (57), making the substitution (63) 
for y, as p 

pV 

in terms of the reduced variables, using (67). The pressure distribution on the 
wall over the whole range 0 < A < A,, obtained in this manner is shown in 
figure 4. In this description of the flow the pressure on the wall is discontinuous 
at A = A; due to its dependence on dy/dA, which has not been matched between 
regions II and III of figure 4. For the 22-2° wedge this pressure jump is 
indiscernible, but for the 45° wedge the jump in p/$pV? is 0-321—about 10% 
of the total variation along the wall. The force coefficient (60) using this pressure 
distribution has the values 2-4 and 1-6 for the 45° and 22-2° semi-angle wedges, 


1-2¥,-¥¢? = (1-2,) (1-22) (86) 


respectively. 
The condition of the conservation of arc length along the free surface is used 
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to provide a check on the accuracy of the solution obtained by the matching 
procedure described above. The theorem that the arc length of the free surface 
in a two-dimensional similarity flow is conserved was discovered independently 
by Wagner and Garabedian. The arc length conservation condition is formu- 
lated in the A, similarity plane by relating the arc length of the free surface for 
the solution obtained to the arc length of the free surface of the wedge shape 
A = m,(#+ 1) obtained in the absence of the wall. Since these are lengths are 
infinite the condition is derived using a technique similar to the one involved in 
finding k from (55). Let ~* be the ~-co-ordinate corresponding to z*. The parts 
of the are lengths to be compared in the range from ,* to infinity are collected 
together and an expansion found for their difference. The arc length condition is 
therefore put in the form 


da 


Pile +(z) |- J(1 +m} N dy + ("ff + (7) | "| du 
* + (“K) |aa, (87) 


where the arc lengths in the range j* to infinity of the solution and the wedge 
are to be found in the first integral on the right-hand side. The remainder of the 
are length of the wedge is on the left-hand side and the remainder of the arc 
length of the solution is given in the last two integrals on the right-hand side 
which represent the contributions from the two sides of the matching point. 
Equation (87) is obtained in terms of the reduced variables, using (45) for dA/du 
and (76) for du/dz for the solution between infinity and ~;, and using (70) for 
du/dA and (74) for dA/dZ for the solution between A; and A,, to give 


(u* +1) /(1 +m?) = 








f-z f-z 
ae ‘Ib a “ op ' tes “palais 


“if [Boal ftp) ee 8 


“xpansions are needed in the first and last terms on the right-hand side of (88). 
The arc lengths evaluated for the matched solutions for the 45° and 22-2° semi- 
angle wedges were underestimates of 0-26Vt and 0-05Vt, respectively. (The 
approximate method of §3 gave underestimates of 2:2 and 0-7.) The matching 
procedure described above therefore gives a satisfactorily close approximation. 
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Temperature fluctuations in the atmospheric 
boundary layer 


By C. H. B. PRIESTLEY 


C.S.I.R.O. Division of Meteorological Physics, Aspendale, Victoria, Australia 
(Received 24 June 1959) 


A systematic analysis is made of published measurements of the magnitude of 
temperature fluctuations in the atmospheric boundary layer. These cover a 
wide range of height, wind speed, and thermal stratification. Within appro- 
priate ranges of the variables, there is evidence for the existence of a dominantly 
forced convection régime, and also one wherein the predictions of the similarity 
theory of free convection are fairly closely approached. Subject to the limitations 
set by the recording systems used, regression relations are obtained for the 
magnitude of the fluctuations in terms of height and vertical temperature 
gradient or heat flux. 


1. Introduction 

Townsend (1959) has made a study of the temperature fluctuations in a 
laboratory chamber, heated at the bottom. Defining a length scale 2), in terms 
of the upward heat flux H and thermometric conductivity x, by 


z= (zy 

— gH ? 
Townsend finds that the root mean square temperature fluctuation, o 7, rises 
to a maximum value near z/z, = 3, and from z/z) = 6 to 90 decreases with 
height according to the relation 


om a 4 _" 1 
TO, (= ' ) 


, is a scale of logarithmic temperature defined by 
1 / H \8 
ees 254 
xg \pe,T, 
and the other symbols have their usual meaning. 

We shall here, similarly, seek to relate appropriately normalized forms of op 
and z in an analysis of the considerable body of published measurements in the 
atmospheric boundary layer, under conditions of both heating and cooling from 
below. However, the typical values of H by day are from 10 to 20 mW cm~, at 
times larger, whence z, x 0:12 cm. Townsend’s results therefore correspond to 
the lowest 10 cm or so of the atmosphere and, for this reason alone, need not 
resemble the behaviour at the commonly used heights between 25 cm and 30 m. 
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Moreover, and more basically, the typical atmospheric condition includes some 
mean horizontal motion, implying the existence at sufficiently low levels of a 
régime of effectively forced convection. With the near-boundary condition so 
radically altered, there is less reason to expect the explicit appearance of mole- 
cular quantities, such as xk, in the relationships. Rather, the main purpose of the 
analysis is changed to that of determining the depth of the effectively forced 
convection layer and also, by day, how rapidly the transition takes place to 
a dominantly free convection régime which generally exists at sufficient height. 
This is truly free convection in that the motions transporting the heat originate 
from buoyancy, so that wind speed and wind shear no longer appear in the 
relationships: nevertheless, the presence of these elements, and the difference in 
conditions below the free convection layer, may give rise to properties sub- 
stantially different from those of free convection in otherwise perfectly still air. 
An analysis of measurements of H (Priestley 1955; Taylor 1956) has sug- 
gested that for practical purposes one extreme form of relationship gives way to 
the other within a rather narrow (twofold or so) range in heights, and there is 
some evidence that the same holds for the form of the temperature-height 
profile (Webb 1958). We do not necessarily expect the same limits to apply for 
the transition of 7 7, since the spectra are known to be dissimilar in that fluctua- 
tions of the higher frequencies contribute relatively more to 7, than to H. 


2. Data 

Measurements of a were made by Swinbank (1955) at heights from 1-5 to 
30m, over a wide range of degrees of unstable thermal stratification, but 
avoiding the lightest winds. The limiting factor in frequency response was the 
recording galvanometer of 2-3 second free period. Taylor (1956, 1958) took 
further measurements using essentially the same equipment and height range, 
but selecting the conditions of strongest heating with light wind, generally less 
than 2m sec"! at 2m height. Cramer, Gill and Record of the Massachusetts 
Institute of Technology measured op during the Great Plains Turbulence Field 
Programme (Lettau & Davidson 1957) from 1-5 to 12 m, using a galvanometer 
of 1-1 second free period. Though non-selective in intent, this material (hereafter 
referred to as M.I.T. data) was in fact mainly confined to conditions of strong 
wind, averaging 7-8 m sec~! at 2m during the daytime. Where these sets of 
data overlapped, no significant separation was found between them, and 
accordingly the whole is treated herein as one more or less homogeneous body. 

When the responsiveness of the overall sensing-recording system is sub- 
stantially increased, fluctuations of higher frequency are detected, and a 
correspondingly larger value of a7 is obtained. Concurrently with the M.I.T. 
measurements, Stewart and Kassander of Iowa State College (I.S.C. hereafter) 
recorded o, from 0-25 to 8 m height on magnetic tape with a modulator designed 
to yield a flat amplitude versus frequency response characteristic from zero to 
15 c/s (Lettau & Davidson, pp. 206-15). The sensing device was a bead thermi- 
stor whose lag time was found to vary in an approximately exponential manner 
between 0-5 sec at zero wind speed and 0-1 sec in a 5 m sec! wind. This latter 
speed was approached throughout and usually exceeded (except at the lower 
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levels during some of the night-time runs). For reasons stated above, the 
analysis of I.8.C. data has been kept distinct from the remainder. 
Details of the procedures used in analysis are described in the Appendix. 


3. Variation of o, with height in unstable stratification 

In the case of potential temperature decreasing with height, it proves useful, 
as a preliminary analysis, to consider purely the variation of a, with height 
without requiring a, to be normalized. We seek to fit a relation of the form 

Or C2?, (2) 

The simultaneous or near-simultaneous measurement of o7 at any pair of 
heights will then determine a single value of p (which will be presumed to refer 
to the geometric mean of the two heights). In this way, over 400 individual 
values of p were obtained from the I.8.C. data and over 200 from the other 
material. 
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FicureE 1. Index p as a function of z/L. Marks on the p = 0 line show the ranges into 
which values are grouped. x denotes I.S.C., other data (7 = Taylor, M = M.L.T. 
preponderating). Where no standard error lengths are indicated, this was less than 0-01. 


p may be expected to depend on the relative strength of mechanical and con- 
vective processes and hence on the ratio z/L, where L is the Obukhov length 
defined as _eppT uk 

kgH © 
u,, is the friction velocity (7/p)?, 7 the shearing stress, and k von Karman’s 
constant. The values of p have accordingly been grouped in ranges of z/L, and the 
mean of each group and its standard deviation are shown in figure 1. The 
symbols M and T denote that either the M.I.T. or the Taylor data contributed 
the majority of determinations in the group indicated ; in no case did the Swin- 
bank data contribute more than a minority. 

In interpretation, we must note that p = 0 in forced convection while in 
free convection, subject to the principles of similarity with the assumption that 
molecular effects are not explicitly important, p = } (Priestley 1954). In the 
I.8.C. data, mechanically generated fluctuations appear to be dominant up to 
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z/|L| x 0-05. The régime is close enough to fully forced convection to expect 
useful working relationships to be obtainable therefrom, though it may be 
more strictly correct to speak of dominantly forced or quasi-forced convection, 
corresponding, for example, to the log-linear wind or temperature profile form of 
Monin & Obukhov (1954) at these small values of z/|L|. Above z/|L| ~ 0-05, 
there is a relatively rapid change until, shortly above 0-1, the results become 
indistinguishable from those obtained with the less responsive equipment. These 
latter, on the other hand, display from as low as z/|L| = 0-05 a rather strong 
tendency for dominance by buoyancy-induced effects. What is here perhaps no 
more than an indication that the transition is largely concentrated within the 
range 0-02-0-05 becomes stronger when set against earlier, and almost entirely 
independent, evidence of the transition in the régime of heat flux within the 
same limits. 


4. Absolute value of o, in unstable stratification 

The absolute analysis of o 7 has been carried out within the framework of the 
= $(2, L), (4) 
where @ is the function which requires to be discovered. 0’ is written for 
|e0/éz|, the magnitude of the potential temperature gradient, and z, is a fixed 
height at which @ was relatively accurately known in all instances, 1-5 m in fact 
being selected. Ideally it would have been preferable to divide op, by 26’ 
measured at the same height, or at some height which was a constant multiple 
or fraction y of L or, equivalently to the latter, divide it by 

T, = H|(pc,kuy). 

In any of these alternative analyses the right-hand side would be expected, on 
similarity theory, to be a function of the ratio z/L rather than of the two 
variables separately. For reasons appertaining to the data, as discussed briefly 
in the Appendix, these forms of analysis were not practicable without intro- 
ducing undesirable corruption. However, the limiting forms of such relation- 
ships can be readily derived from the limiting forms of (4) and will be given 
below. 

The results are displayed in figure 2 as a diagram of log {a 7/(z6’),.;} against 
log z, the data being divided into groups with similar values of L. As is fore- 
shadowed in figure 1 and known from other evidence (see e.g. Priestley 1959), 
the forced fluctuations are of generally shorter period than the free fluctuations, 
and the more responsive I.8.C. system will record much of the former which the 
other data will miss. The two sets of data may be clearly distinguished in 
figure 2, and will be discussed separately in what follows. 

The following extreme forms of (4) may readily be verified: 

(i) When z and z, both lie within the forced convection régime, 


O7/|(20") 


relation o 7 |(20’) 


2 = constant, a. 


(ii) When z lies in, but z, above, the forced convection régime, 


o/(z0’),, = constant, a’. 


a’ will depend on z,/L but will always be greater than a. 
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(iii) When z and z, both lie within the free convection régime then, on the 


similarity theory, O7/(20'),, = b(z/z,)-4, 


where b is a constant. 





O7/(20’) 5 
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FicurE 2. Normalized temperature fluctuations as a function of z and L. Designation of 
points, for I.S.C. data, is as follows: A, |L| < 60m (average 45m); 7, 60 < {LZ} < 100; 
j, 100 < |Z} < 150; x, 150 < |Z) (average 225m). For other data: @, |L| < 15m 
(average 8-3 m); 0, 15 < |L! < 30; a, 30 < |L| < 60; w, 60 < |L| < 100; m, 100 < |L| 
(average 210m). Each point represents the mean of at least seven individual 
determinations, the average being eight for the I.S.C. data (186 determinations) and 
thirteen for the less homogeneous material of the other data (202 determinations). 
The full and broken straight regression lines correspond to equations (6) and (7), re- 
spectively, of the text: other lines are drawn by eye to fit the four categories of the I.S.C. 


data. 
(iv) When z lies in, but z, below, the free convection régime, 


o7|(20'),, = b'(z/z,)-4, 


2 | 

where b’ depends on z,/Z but will always be greater than b. 
The upper set of curves in figure 2, corresponding to the I.S.C. data, shows 
separation of the profiles according to the magnitude of L, and the ranges within 
which the predictions (i) and (ii) are approached serve to confirm z/|L| ~ 0-02 as 
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effectively the limit of fully forced convection. Any conclusions as to numerical 
magnitudes are subject to the limitation imposed by the response times of the 
recording instruments, but with this reservation the relation for forced con- 
vection may be written as _ 

ay ' Op = 1-4z|20/é2|. (5) 
The need for a standard height has disappeared because of the constancy of 26’ 
through the layer in question. Using the familiar equation H = pce, K |¢0/éz], 
where K = ku,.z, equivalent forms of (5) are seen to be 


o7/T, = O7/(20'),7, = 14, 
so long as the level yZ is in the same régime. 

The points from the other data in figure 2 show no systematic separation 
according to the magnitude of L. This in itself is an indication of dominance by 
one or other of the two extreme régimes and the pattern of results, backed by 
what has gone before, points to free convection in this instance. The two 
mechanisms are of course to a large extent coexistent and forced fluctuations 
will occur in the overlpping region, and at even larger values of z/|L|; but the 
less responsive equipment fails to register their finer structure. Nor is it proved 
that all the free fluctuations are fully registered, though it appears likely on 
internal and other evidence that this is approximately true. In making any 
further comparison between the two sets of points, note should be taken of the 
range of L as well as of z. 

For the ‘other’ data, in the lower part of figure 2, regression coefficients were 
calculated between log {a ,./(z9’),.;} and logz excluding, for reasons evident from 
figure 1, those points for which z/|L| < 0-05, and weighting the remainder 
according to the number of individual contributing values. The result obtained 
ais Op |(2')yg = 1192-828 = 1-07(z/1-5)-08, (6) 
where z is measured in metres. This is shown by the full line in the diagram. 
The broken line shows the best fit when the index is constrained to the value — }, 
the regression then being 

O7/(20').5 = 1:342-4 = 1-20(z/1-5)-4. (7) 

In the similarity theory of free convection, the temperature profile is given by 

0’ o z-#, and where this holds (7) is equivalent to a more basic form of 


' (8) 


in which the need for a standard height as intermediary has again been elimi- 
nated. The formal similarity between (5) and (8) is interesting. Whether it 


relationship "> 
sini Or = 1-22|26/éz 





portrays a physical similarity or conceals a physical difference is possibly a 
matter for debate, but it certainly suggests that an analysis carried through 
in terms of o 7/20’, instead of o/(20’),,, had it been practicable, would have 


proved considerably less illuminating. 
An alternative form of (8), which portrays the height-variation explicitly, 
may be obtained from the heat flux relation of similarity theory, namely 


H = hpc,(g/T)*2*|00/é2|8, 
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where h is the free convection constant whose value is about 0-9 (Priestley 
1959). This leads immediately to 


O7|T, = 1-2kth-§|z/L|-$ x 0-4|2/L|-A. 





5. Inversion conditions 

The analysis of op in stable stratifications is confined to the I.8.C. and M.1.T. 
material, Taylor’s studies having included no such cases and Swinbank’s only 
a few of more uncertain quality. Winds ranged between 3 and 9-5 m sec™! at 
8m, and between 1| and 5-5 m sec! at 0-5 m. 

The means for obtaining L, as described in the Appendix for unstable condi- 
tions, are no longer available. Instead, we shall make direct use of Ri’ as 
tabulated by Lettau & Davidson and defined as 


Y Ri(z;) 


Ri’ = —>—» 
ted 

where Ri(z;) was obtained from the profile measurements at a number (up to 5) 

of heights z; more or less proportionately spaced from 0-8 to 8 m. Since Ri’ = 1/L 
in fully forced convection, and may be expected to behave in a closely sym- 

pathetic fashion elsewhere, z Ri’ is a valid substitute for z/Z in the search for 

universal relationships. 

The 1.8.C. data was first grouped in ranges of Ri’ and it was found that, in 
each group, oy increased slowly with height. The rate of increase corresponded 
to a p in (2) of between — 0-01 and — 0-05 resembling, with change of sign, the 
behaviour towards the left in figure 1. It was accordingly considered suitable to 
make the absolute analysis of 7,7 in the same terms as that of the previous 
section, save that the fixed height z, was here chosen as 65 cm in order to permit 
(20’)., to be read off directly from the published data (see Appendix). The slow 
variation of a with height permitted values to be estimated where these were 
occasionally missing from one or two levels, so rendering the material 
homogeneous. 

The average (geometric mean) values of o7/(20’)).4; were then obtained in 
ranges of z Ri’ and the results are shown in table 1, I.8.C. and M.1.T. data being 
treated separately. The first value of the I1.8.C. data appears anomalous, 
probably because both a, and @’ are relatively most inaccurate in this range, 
and the use of occasional spuriously low values of 6’ may have biased the 
quotient in the sense indicated. Otherwise, below zRi’ ~ 0-1 there is no 
significant departure from the overall mean value of 1-33 and, by analogy with 
the unstable case, we may infer the existence of a dominantly forced convection 
al (9) 


régime wherein r 
é 
Or = 1:332!; 


a> 
xR 


Within the accuracy of determination there is no significant difference between 
the constants in (9) and (5). 

Above zRi’ x 0-1 the suppressive influence of stability enters, and this 
begins to take effect on the longer-period fluctuations (M.I.T. data) at much 
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smaller values of zRi’. Here the decrease to about one-third in a 20-fold range 
in zRi’ appears sharper than the corresponding decrease in the unstable condi- 
tion. Moreover, the two are to be further distinguished by the fact that 20’ 
typically increases with height in the more stable conditions, so that a relation- 
ship of the form (8) is here no longer even remotely applicable. 


0:002< 0005< O01< 002< 005< O1l< O2< 


zRi’< z Ri’ z Ri’ 2 2 Ry z Ri’ 2zRyvY zRi’ 
Range 0-002 < 0-005 <0-01 <0:02 <005 <01 <0-2 
[.8.C. data 
No. of 2) 36 35 35 4] 27 10 5 
observations 
AV. O7/(29")o.65 1-73 1-43 1-25 1-31 1-34 1-26 1:04 0-87 
M.I.T. data 
No. of 13 24 42 33 15 13 
observations 
Av. O7/(29’)o.65 0-96 0-95 0-77 0-63 0-51 0-30 


TABLE 1. O7/(z4’)o.4, a8 @ function of z Ri’. 


6. Conclusions 

It has been seen that a considerable body of data on temperature fluctuations 
is available from the atmospheric boundary layer, but its definitive interpreta- 
tion is limited by the responsiveness of the recording systems used. Subject to 
this limitation, quite well-defined regression relations have been obtained. From 
the more responsive equipment, the total intensity oa, follows a régime of 
dominantly forced convection up to z/|L| = 0-05 to 0-1 on either side of neutral 
conditions. Above these levels, the effects of stratification make themselves felt 
quite rapidly. However, the longer-period fluctuations, which alone are recorded 
by the less responsive equipment, are subject to strong thermal influence above 
z/|L| ~ 0-02 on either side of neutral conditions, and in unstable conditions above 
z/|L| x 0-05 obey a relationship not very different from the predictions of the 
similarity theory of free convection. These in part consolidate the views pre- 
viously arrived at from the study of heat-flux measurements in unstable 





conditions. To the extent that further interest exists in the fluctuations per se, 
a more complete exploration is called for with equipment responding to periods 
even shorter than 0-1 sec, combined with some form of spectral analysis. 


Appendix. Details of the analysis 


The analysis was restricted to occasions when conditions were steady, as far 
as could be determined from the data. In particular, runs made at or near the 
times of cross-over between stable and unstable stratifications were excluded 
whenever there was evidence that one or other of these conditions were not 
maintained throughout the relevant range of heights. 

Before analysis, certain amendments were made to the data as published. 
Two values of «7 published by Taylor (1958) were subsequently found to be in 
error: in run 2 of 1 February 1956, 0, was 0-60 and 0-55 °C at 1-5 and 4m, 
respectively. 
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The gradient of potential temperature at 1-5 m, reported in Swinbank’s and 
Taylor’s papers, had been derived by an objective smoothing (as described in 
the former) of the measured data at 4, 1, 2 and 8m. In a few instances where 
this might have introduced some error owing to the incidence of vanishing 
gradients below 8 m in strongly unstable situations (Webb 1958), the gradient 
was recalculated using only }, 1 and 2m. For the Great Plains data, 26;., was 
taken as the value given in Table 7.36 of Lettau & Davidson. It is seen that this 
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FicurE 3. Ri,, versus 1-5/Z from Swinbank’s measurements (L in metres). 
Triangles denote values obtained by Rider. 


is actually a weighted mean of gradients between 82 and 39 cm and between 
160 and 40 cm, and applies to a level of about 65 cm. In general, this identifica- 
tion was justified because of the strong winds and rather modest temperature 
gradients, but in the one case (1235 on 8 September 1953) when conditions were 
sufficiently unstable to invalidate it, 20}, was interpolated from the original 
temperature data using all measurements between 0-5 and 4 m inclusive. 
Acceptable measured values of L were available only in Swinbank’s material. 
Here, although both H and 7 were biased to some extent by the responsiveness 
of the recorder, the resulting underestimation was common to both so that L 
should be rather more accurate than its numerator or denominator separately. 
Flux measurements at higher levels were notably less reliable than at the lower 
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levels (4m and below) and the latter only were used, these being assumed to 
apply to a proximate high level run provided the interval was less than 4 hour 
and the Ri,., did not change by more than } of the prior value.+ Where these 
conditions were not satisfied, the high level 0, was not included in the material. 

For the Great Plains and Taylor’s data, in unstable conditions, was obtained 
as follows. Figure 3 shows values of —Ri,.,; reported by Swinbank plotted 
against the corresponding value of — 1-5/L obtained from the low-level H and 
7 measurements. Two points are also shown as obtained by Rider (1954). This 
allows the straight line as drawn, or its prolongation, to be used as a basis for 
obtaining L from Ri,.;, which was always available either directly or from Ri’ 
as tabulated by Lettau & Davidson. It is to be noted that L has been used only 
as a grouping parameter, or as divisor of z, for quantities which are never more 
than slowly varying functions of z. Modest errors in L will therefore not 
substantially affect the conclusions. 

Coming finally to the choice of equation (4) as the framework of the absolute 
analysis it may be seen that 7',, as an alternative divisor of 0, could have been 
inferred with an accuracy comparable with that of L. However, errors acceptable 
in the divisor of z would have been much more serious in the divisor of the less 
accurately known, and much slower varying, quantity o,. Of other possible 
divisors, 20’ at the same height as op was not always available, and its individual 
measurement would anyway be subject to increasing relative inaccuracy at the 
greater heights. Similar considerations forbade the use of 20’ at yL, however 
x might be chosen, since || ranged from 2 m to several hundred metres. 
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An experiment on the stability of hypersonic 
laminar boundary layers 
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An experimental investigation of the hydrodynamic stability of the laminar 
hypersonic boundary layer was carried out with the aid of a hot-wire anemo- 
meter. The case investigated was that of a flat surface at zero angle of attack 
and no heat transfer. 

The streamwise amplitude variation of both natural disturbances and of 
disturbances artificially excited with a siren mechanism was studied. In both 
cases it was found that such small fluctuations amplify for certain ranges of 
frequency and Reynolds number R,, and damp for others. The demarcation 
boundaries for the amplification (instability) zone were found to resemble the 
corresponding limits of boundary-layer instability at lower speeds. A ‘line of 
maximum amplification’ of disturbances was also found. The amplification 
rates and hence the degree of selectivity of the hypersonic layer were found, 
however, to be considerably lower than those at the lower speeds. The distur- 
bances selected by the layer for maximum amplification have a wavelength 
which was estimated to be about twenty times the boundary-layer thickness 6. 


I. Introduction 


The problem of transition of a fluid flow to turbulence has for a long time 
attracted the attention and toil of both theoreticians and experimentalists. At 
hypersonic speeds the problem of transition is one of pressing importance, since 
the differences in skin friction and heat transfer between laminar and turbulent 
flow are large enough to alter radically the performance of, say, a hypersonic 
aircraft or a long-range missile. 

Of the various hypotheses put forth to describe the mechanism of transition, 
one which has been steadily gaining ground is the small-disturbance hypothesis. 
It states that within some range of the mean-flow parameters, certain infinite- 
simal disturbances found in the laminar part of the flow (whether wake, jet, or 
boundary layer) amplify as they progress downstream and eventually break up 
into the random pattern that we identify as turbulence. The small-disturbance 
theory itself does not deal with the problem of turbulence; it merely examines 
whether and how disturbances amplify and damp in the laminar flow, and is 
therefore a theory of hydrodynamic stability. 

The stability of parallel flows was treated by Rayleigh (1880), Prandtl & 
Tietjens (1925), Heisenberg (1924), and Tollmien & Schlichting (1930). Recently 
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the stability of the boundary layer of a compressible fluid with heat transfer was 
investigated by Lees & Lin (1946), Lees (1947), and Dunn & Lin (1955). The 
small-disturbance theory of boundary-layer flows enjoyed its first success with 
the classic experiments of Schubauer & Skramstad (1948), and of Liepmann 
(1943), which showed the existence of the laminar waves of Tollmien and 
Schlichting and which verified, both qualitatively and quantitatively, many of 
the prominent features of the theory. Recently, Laufer & Vrebalovich (1956), 
in studying the flow over a flat plate at a Mach number of about 2, obtained 
data similar to that obtained by Schubauer & Skramstad at low speeds. 

At hypersonic speeds the large temperature differences existing across the 
boundary layer bring to the foreground some hitherto unsettled points in the 
analysis of the stability problem.* The present experiment (Demetriades 1958) 
was undertaken in order to provide an understanding of the stability of the 
hypersonic layer, and, more specifically, to see whether there exist ranges of the 
defining parameters where small disturbances damp or amplify, to obtain 
information on the bounds of these ranges, and to study the manner of ampli- 
fication or damping. For this purpose the experiment was limited to the simple 
vase of a smooth flat plate at zero heat transfer and zero pressure gradient. 


2. Technique and equipment 


The downstream progress of a small disturbance 
Q’ _ q(y) eix(r—et) 


in a laminar boundary layer will be arrested or enhanced depending on whether 
c;, the imaginary part of the propagation velocity c, is negative or positive. 
When c; is zero the disturbance is neutral and, for a fixed Mach number, the 
small-disturbance theory produces a unique relationship between wave-number 
a and Reynolds number &,, based on momentum thickness. This relationship 
divides the (a, R,) plane into a stable and an unstable region. 

Consideration of the («, #,) plane suggests a suitable experimental technique. 
If one measures the root-mean-square amplitude of a particular disturbance at 
successive streamwise positions in the boundary layer, one should be able to 
identify the extrema in this amplitude variation with points falling on the 
dividing curve. In fact, the primary aim of this investigation was to see whether 
these extrema defined a unique locus at a hypersonic Mach number. 

In addition to studying the streamwise history of a disturbance of a given 
frequency, a second obvious method is to study the energy spectrum of distur- 
bances at a preselected, fixed point in the layer. This approach is particularly 
tempting, since the small-disturbance theory in this case predicts energy con- 
centrations in certain portions of the spectrum and since these peaks have been 
easy to observe at the lower flow velocities (Schubauer & Skramstad 1948; Liep- 
mann 1943). In order to apply these two methods, an instrument capable 
of temporal and spatial measurements on a minute scale is required. Such 


* A theoretical study of the stability of the hypersonic laminar boundary layer has been 


undertaken by E. Reshotko and L. Lees at the Guggenheim Aeronautical Laboratory, 
California Institute of Technology. 
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an instrument is the hot-wire anemometer. The applicability and reliability of 
this instrument in high-speed flows has been demonstrated by many workers, 
notable Kovasznay (1954), Morkovin (1956), and Laufer & McClellan (1955). 
Calibration of the anemometer or resolution of its output into components due 
to velocity, density or temperature fluctuations is unnecessary here since the 
stability boundaries remain unaltered when different types of disturbances are 
considered. 

The present investigation was carried out in Leg 1 of the GALCIT hypersonic 
wind tunnel. Two different flat-plate models were used. The survey plate used 
to study the stability of natural fluctuations was 26 in. long, had a sharp leading 
edge and smooth finish, and was aligned within the test rhombus at zero 
incidence (cf. figure 1). The siren plate was almost identical to the survey plate 
externally but contained a mechanism for producing fluctuations of controllable 
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FicurE 1. Schematic diagram of GALCIT Leg 1 hypersonic tunnel test section 
showing flat plate and probe installation. 


amplitude and frequency. A 4 in. diameter thin brass siren disk imbedded under 
the surface had sixty regularly spaced holes drilled along its circumference, while 
another seven small slits 0-060 x 0-028 in. were drilled along a straight line 1-75 in. 
downstream from the leading edge, in a cover-plate emplaced over the disk. The 
seven slits were spaced so that they were either in complete coincidence or in 
complete anti-coincidence with the holes in the siren disk as the latter rotated 
underneath; an air pulse was therefore injected into the flat-plate boundary 
layer for each 6° of disk rotation. By regulating the speed of a motor driving 
the disk, frequencies from about 1 up to about 40 ke/s were attainable. 

The hot-wire anemometer probe is pictured in figure 1. The probe can be 
moved vertically above the plate surface, as well as in a stream-wise direction, 
providing the hot wire with two degrees of freedom. The hot-wire element was 
soft-soldered on the tips of two heat-treated sewing needles which were, in turn, 
cemented in grooves on the detachable probe head. The probe head is ‘plugged 
in’ to a socket in the front of the probe strut through which pass a pair of co-axial 
cables, with very small diameter, maintaining electrical connexion with the 
electronic apparatus. The wire was operated at constant current drawn from 
five 45 V cells in series. The instrumentation included a pre-amplifier with a 
maximum gain of about 3200, a compensating amplifier to correct for the thermal 
lag of the wire, and band-pass filtering apparatus. The magnitude of the r.m.s. 
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voltage was measured with a vacuum thermocouple in series with a 92 Q micro- 
ammeter. A display-type wave analyser was also found to be very useful in this 
work. Energy spectra were recorded with a harmonic wave analyser and a 
thermocouple-microammeter combination. 

Platinum-rhodium wires of 0-0001 in. diameter measuring from 0-02 to 
(0-03 in. in length were used exclusively in this work. The wires were always held 
normal to the flow direction and parallel to the plate surface, so that they were 
sensitive to the w’ (streamwise) perturbation velocity component. It was found 
expedient to anneal and prestretch the wire in the hypersonic stream itself; thus 
treated some wires were used for several tens of hours without any appreciable 
changes in electrical characteristics or any visible deterioration. No severe 
strain-gauge effects (Morkovin 1956) were encountered. Table 1 presents some 
of the pertinent operating conditions of the hot wire. 


j Platinum 90°, 


Materiz ( 
ones { Rhodium 10% 


Diameter 
Length 
Aspect ratio 


0-0001 in. 
0:02-0:03 in. 
200-300 





Mach number 5:8 

Wire Reynolds number Re, Order of 1 
(free-stream conditions) 

Wire Nusselt number Nu, 
(free-stream conditions) 
tesistance (equilibrium) R, 30-40 Q 

28-75 p.s.1.g. 


Order of 0-1 


Total pressure 
Total temperature 225 °F 
Dynamic loading 0-8-1-6 p.s.i. 
Error in sensitivity coefficients due to 5-10% 

‘end effects’ 
Time constant 
Maximum current through wire 


0-2-1 x 10-3 see 
About 10 mA 


TABLE 1. Typical operating conditions for the hot-wire anemometer. 


The laminar boundary layer over the survey flat-plate at zero incidence at 
M = 5-8 was studied in some detail by Korkegi (1954) and also by McMahon 
(1958) and the author. Laminar boundary-layer profiles obtained by using a 
total-pressure tube yielded the layer thickness 6 and the momentum thickness 6 
along the centreline of the plate. A series of such profiles taken along the centre- 
line of the survey plate disclosed that boundary layer similarity is definitely pre- 
served. The boundary-layer growth over the siren plate was also measured with 
flow conditions simulating those under which the presently described experi- 
ment was carried out. The agreement between these measurements and the 
measurements in the boundary layer on the survey plate was good. The range 


of R, varied between 350 and 2050. 

The free-stream turbulence was also investigated in the region of interest, 
namely, in the region of the test section which would be normally occupied by 
the flat-plate boundary layer. The absolute level of the turbulence was measured 
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at a distance of 17-5 in. from the nozzle throat. The data yielded values of the 
order of 0-4°% in both the mass flux and the temperature fluctuation in the 
range 0-100 ke/s, with little variation due to the tunnel supply pressure. Thus 
the free-stream disturbance energy contained in a narrow frequency band (say, 
between 20 and 25 ke/s) was one, or possibly two, orders of magnitude smaller 
than the allowable level for purposes of this experiment. 


3. Measurements of the natural fluctuations 


The growth or decay of fluctuations which exist naturally in the laminar 
boundary layer was measured on the survey plate by moving the hot wire along 
the layer at chosen constant values of y/é. The hot-wire output at a series of 
selected frequencies was recorded with the aid of the harmonic wave analyser 
and the vacuum thermocouple-microammeter combination. Keeping y/d con- 
stant as the hot wire was moved streamwise in increments of x was relatively 
simple, since the wire resistance R,, is a function only of y/é. As the probe was 
moved downstream by steps it was also raised slightly each time, so that the 
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FicurE 2. Typical variation of hot-wire output intensity due to natural 
fluctuations. (a) Py = 35 p.s.i.g.; (b) Py = 45 p.s.i.g. 


resistance-measuring galvanometer was again balanced at the previously set 
value of R,,. Some typical data, taken at values of y/é ranging from 0-7 to 0-9, 
are singled out and shown in figure 2. The abcissa of these graphs is the distance 
of the wire from the leading edge of the plate; the ordinate is the micro- 
ammeter reading, which is proportional to the mean-square voltage fluctuation 
(Ae’)? and thence to the square of the fluctuation amplitudes, that is to the 
fluctuation energy. Figure 2(a) shows the appearance of a maximum at a 
frequency of 45 ke/s, and figure 2(b) a sequence of such maxima. The x-values 
at which these maxima occurred, when used in conjunction with the tunnel- 
flow parameters and the local boundary-layer momentum thickness, gave points 
in the plot of the non-dimensional frequency /,v,,/U2, versus the Reynolds 
number R,; here £, is proportional to the disturbance frequency, and v,, and 
U,, the kinematic viscosity and fluid velocity, respectively, in the free stream. 
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These points fell, within some scatter, on a line which should thus be the upper 
neutral branch of the boundary-layer stability diagram; this line will not be 
presented here, however, since it generally agreed with the branch found by 
means of the more reliable artificial-fluctuation method. Since no consistent 
appearance of minima was observed, the lower neutral branch was not dis- 
cernible for the natural fluctuations. 

As pointed out earlier, the amplitude spectrum of the natural fluctuations 
should exhibit a maximum when measured at any streamwise location in the 
boundary layer. In searching for this property in the hypersonic boundary 
layer the survey flat plate was again employed, and the wire-output spectrum 
was recorded for various combinations R, and y/d. After prolonged measure- 
ments at various ranges of output frequency and Reynolds number a series of 
energy peaks were discovered in the intervals from 0 to 10 ke/s in frequency 
and 800-2000 in R,. The data are shown in figure 3. 
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FicurE 3. Hot-wire mean-square output spectra in the laminar boundary layer, 
M = 58, T,=225°F. (a) P)>= 28 psig.; ©O,4=9:'2im.; A,x=11Sm.; V,e= 16-6. 
(b) Py = 36. psig.; O,2% = 9'2in.; A, v= Ebin.; |, e¢= 140m.; V,¢ = 16:61in. 


By far the most interesting feature of the energy spectra of figure 3 is the 
absence of any completely predominant energy peak corresponding to the data 
for incompressible flow obtained by Schubauer & Skramstad (1948). The energy 
peak is barely discernible for R, = 880, although this lower limit is presumably 
strongly dependent on the free-stream turbulence level and other characteristics 
of the experimental environment. For larger values of x (or R,) the relative 
magnitude of the peak increases, but certainly not in a manner permitting it, 
for example, to be viewed on an oscilloscope without band-pass filtering. At the 
largest 2-values attainable with the hot-wire probe traverse the peak is finally 
obscured by an abrupt increase of the energy contained from 0 to 2 ke/s in the 
spectrum. Figure 4 presents the points defined by the frequency-at-maximum- 
amplitude of curves such as those given in figure 3. The two solid curves on 
figure 4 are the neutral branches discussed in §4. 
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A final point of interest concerns the value of y/d at which the measurements 
just described were carried out. More specifically, one is interested in finding 
out how the amplitude peak, at the fluctuation frequency that the boundary 
layer has selected for maximum amplification at some R,, changes with y/6. 
For this purpose the wire was held at some constant R, and was traversed across 
the boundary layer from the solid surface toward the free stream in steps of 
about 36 each; at each step the energy spectrum was recorded. Very near the 
plate there is no peak in the spectrum. As the wire is raised through the layer 
the peak, in this case at about 2-8 kc/s, appears, becomes most prominent for 
values of y/d between 0-6 and 1, persists briefly in the free stream and finally 
disappears for y/d = 1-34. 





















































3 + — —>———_ ~ 
| 
| | 
| | 
2 N _ > 
= | PS. 
x ‘N nai! i ieiieis 
wo a8 \ 
2 
’ er, 
A 
Ls = 
—- = = ; = 
| \ ; % 
| voy 
Tecnu | 
200 600 1000 1400 1800 
Ro 
FicurE 4. Points defining the ‘line of maximum amplification’. ©, Py = 28 p.s.i.g.; 


A, Py = 35ps.i.g.; © Po = 40psig.; 0, Pp = 45psig.; VW, Po = 55 p.s.ig.; 
>, Py = 60 p.s.ig. 

At the conclusion of the work with the natural fluctuations encouraging 
evidence had been accumulated to the effect that the laminar hypersonic 
boundary layer observed, at least in a general way, the stability rules of the 
small-disturbance theory. A demarcation boundary between an unstable and 
a stable region had been found and characteristic fluctuations at selected 
frequencies had also been found and their dependence on R, ascertained 
(figure 4). The amplification rates that had been found, however, were quite 
low and it was suspected that natural causes such as the free-stream turbulence 
might have been concealing the detailed features of the stability diagram, 
particularly the lower neutral branch. For this reason the study of disturbances 
injected with the ‘siren’ mechanism described in the next section was undertaken. 


4. Measurement of the artificial fluctuations 

In utilizing the siren plate for the measurement of artificial fluctuations, care 
was taken to see that the amount of air injected did not cause premature 
transition. For very small injection rates it was almost impossible to detect the 
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induced fluctuation downstream of the slits. As the injection rate increased the 
energy peak corresponding to the siren frequency appeared and increased in 
magnitude. When some critical injection rate was reached the peak magnitude 
increased no further, but an abrupt large increase of the wire output was noted 
over the entire frequency range; raising the injection rate further had no 
significant effect on the mean-square level of the wire output. This critical 
injection rate was, therefore, the one at which the layer became turbulent at the 
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FiGuRE 5. Typical hot-wire output variations due to artificial fluctuations. P, = 30 p.s.i.g.; 


location of the wire. Knowledge of this rate enabled one to choose an injection 
rate appropriate for taking data and thus to estimate, even though roughly, 
the comparative magnitude of the fluctuation amplitudes. Generally, data were 
taken at all subcritical rates, the guiding consideration being the appearance and 
clarity of the energy peak at the siren frequency. All artificial fluctuation data 
were taken by using the band-pass filter to suppress signals at all frequencies 
below and above that of the siren. 


The results of the constant-frequency surveys appear in figures 5 and 6. 
The value of y/5 was maintained constant for each survey using the method 
described in the previous section. Figure 5 shows typical surveys at constant 
frequency exhibiting extrema in the amplitude variation. In almost all cases 
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the variation of the location of the extrema (maxima or minima) with fluctuation 
frequency is apparent. As a rule the signals were very weak for y/d much smaller 
than unity and disappeared rapidly once the probe was moved into the free 


stream. 
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FIGURE 6. Experimentally determined upper neutral branch (solid circles) and lower branch 
(open circles) at M = 5-8. (a) M = 2-16 (Laufer & Vrebalovitch; (b) MM ~ 0 (Schubauer 
& Skramstad). 


The results of the artificial-fluctuation study are plotted in figure 6 in the 
usual non-dimensional frequency plot, where they are also compared with 
similar findings at lower Mach numbers. It is apparent that the general shape 
of the region of instability is preserved throughout the range of Mach numbers 
from 0 to 5-8. Another consistent trend appears to be the gradual decrease, with 
increasing Mach number, of the area enclosed by the neutral stability boundaries, 
at least above a certain low non-dimensional frequency. The scatter of the data 
in figure 6 is of undetermined origin. No systematic effect of the supply pressure 
P, on the scatter was observed, nor did there seem to be an effect of y/d and 
hence also of the wire sensitivity. The effect of the air injection rate, on the 
other hand, is difficult to estimate properly since it may be significant in two 
independent ways, namely, by affecting the fluctuation amplitude and also by 
changing the boundary-layer thickness. Both these effects are thought to be 
small. 

By far the most remarkable feature of the work with the artificial fluctuations 
was that it made possible the discovery of the lower neutral branch. It is 
thought that the inability to discover the lower branch for the natural fluctua- 
tions lies mainly in the interference caused by the free-stream turbulence level. 
In order to substantiate this conjecture, a comparison was made of the hot- 
wire signal in the boundary layer a few inches downstream of the leading edge 
of the survey plate, and the signal obtained at the same geometrical position but 
with the plate removed from the wind tunnel: these two signals were found to be 
of about the same magnitude, both quite smaller than signals obtained with the 
siren mechanism operating. In fact, an insight into all the differences between 
the natural-fluctuation and the artificial-fluctuation data could be gained by 
considering the role of the free-stream turbulence. 
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5. The critical layer 

One of the features of the theory of boundary-layer stability is that the phase 
velocity c, of the laminar fluctuations is such that, for fluctuations which are 
‘subsonic’ relative to the free stream, 

1—(1/M,) < (¢,/U,) < 1, 
so that for M, = 5-8 we have 
0-828 < (c,/U,) <1. 

The point in the boundary layer where c, is equal to the local air velocity is called 
the critical point and the surface locus of these points over the flat plate is called 
the critical layer. In the present instance it was assumed that 


c, = 0-9U,, = constant, 
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FIGURE 7. Variation, across the laminar boundary layer, of the hot-wire output 
integrated over all frequencies. Ry, x 1400. 


which implies a maximum probable error of less than 10°%. Using this approxi- 
mation to c,, we can now compute the fluctuation wavelengths to the same 
degree of accuracy with the aid of the relation 
270 Ry (Bro Bees 
ty = —— = | 42) = 1-11, ad +, 
A c,/l iJ 1, 
where # is the momentum thickness of the boundary layer. The result is shown 
on figure 8, with the theoretical computations for M = 0 and M = 1-3 from 
Lees (1947) also shown for comparison. With the aid of figure 4 we also observe 
that the fluctuations receiving maximum amplification in the range from 
R, = 1000 to 2000 have an a, of about 0-01. Since there is a difference of a 
factor of about 30 between @ and the boundary-layer thickness 6, the corre- 
sponding wavelengths are of the order of 206, or from 3 to 6 in. 
The location of the critical layer was also discovered independently. Keeping 
the current constant, the hot wire was traversed across the boundary layer and 
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the change in the root-mean-square output, integrated over all frequencies was 
recorded. It was immediately noticed that the output increased rapidly as the 
wire approached the edge of the layer, came to a maximum at y/d = 0-9 and 
then decreased to some constant value in the free stream, as shown on figure 7. 
This energy concentration could not be explained on the basis of any assumed 
structural vibrations of the probe support or the plate model itself, and it was 
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Fiaure 8. Wave-number &, vs. Rg for neutral stability of the boundary layer. 
(a) M ~ 0 (Blasius flow); (b) M = 1-3 (Lees); (c) M = 5-8 (present data). 


concluded that it was due to the cumulative effect of the maximum in the 
amplitude distribution factor q(y) of the various fluctuations, and therefore 
that the value of y/d at which this prominence appeared gave the position of 
the critical layer.* From Korkegi (1954) we can further deduce that at y/5 = 0-9 
the local flow velocity is about 0-98U,,, which is within the expected 10 °% error 
in the assumption c, = 0-9U,,. 

6. Conclusions 

The laminar boundary layer growing over a flat plate at zero incidence in a 
hypersonic air stream has been investigated with the aid of a hot-wire anemo- 
meter. The main purpose of the investigation has been to see whether the 
hypersonic layer is hydrodynamically stable or unstable to small disturbances 
in the flow variables. The following results have been obtained: 

1. For certain ranges of the flow conditions and the frequency of the small 
fluctuations the boundary layer is stable, while for all other ranges of the same 
parameters it is unstable, in a manner resembling the theoretically and experi- 
mentally ascertained stability of boundary-layer flows at lower speeds. 


* Recent computations by E. Reshotko at this laboratory have shown that, at Mach 
numbers of the order of 5, a strong concentration of the temperature fluctuation amplitude 
q(y) occurs at the critical layer. Since the hot wire is most sensitive to the temperature 
fluctuation at the edge of the layer, it is inferred that the peak of figure 7 is due mostly to 
temperature fluctuations and thus marks the location of the critical layer. 
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2. The amplication rates observed are much lower than those observed at low 
speeds. Similarly, the characteristic fluctuations selected by the laminar layer 
for maximum amplification have a broad band width and hence are more 
difficult to detect than those at the lower speeds. 

3. The wavelengths of these characteristic fluctuations are at least one order 
of magnitude larger than the local boundary-layer thickness 6. 


The author is indebted to Prof. Lester Lees for guidance and encouragement 
received throughout this work and to Dr John Laufer of the Jet Propulsion 
Laboratory, California Institute of Technology, whose advice and suggestions 
proved invaluable. The author also acknowledges with appreciation the 
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of the Office, Chief of Ordnance, and the Office of Ordnance Research, U.S. Army. 
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Measurements of the effect of molecular diffusivity 
in turbulent diffusion 


By WILLIAM R. MICKELSEN 


National Aeronautics and Space Administration, Lewis Research Center, 
Cleveland, Ohio, U.S.A. 


(Received 2 June 1959) 


Townsend (1954) has shown that turbulent vorticity may rotate and strain 
a diffusion wake, thereby increasing the contribution of molecular diffusion to the 
total mean dispersion over short diffusion times. ‘To test whether any such effect 
occurs at longer diffusion times, the lateral dispersion of both helium and of 
carbon dioxide in air were measured downstream from a continuous point source 
in the turbulence produced by a grid in a wind tunnel. The data show that, for 
long diffusion times, accelerated molecular diffusion is negligible, so that molecular 
diffusion makes only an independent contribution to the total dispersion. 


1. Introduction 

The turbulent diffusion of quantities such as mass and heat can be charac- 
terized by the mean-square displacement of fluid particles from their original 
position as a function of time. Taylor (1922) has shown that the mean-square 
displacement Y2, in a given direction, and due to homogeneous turbulence is 


‘in — rt re 
Y? = 2Qy? [ [ Rdt' dt’, (1) 

JoJo 
where the Lagrangian correlation coefficient v2 R(t” —t)) = vgv is an average of 
the product of the turbulent velocities of a fluid particle at time zero and at 
a later time t”. Experiment has shown that lateral concentration profiles down- 
stream from a continuous point source are of Gaussian form (Batchelor & 
Townsend (1956) discuss some theoretical reasons for this), i.e. 


C = C,exp (—71?/2D?), (2) 


where C is the concentration at radius r from the diffusion wake centre, and C, is 
the concentration at the wake centre. The total mean lateral dispersion D? has 
often been assumed to be merely the sum of contributions due to the turbulent 
and molecular diffusion, in which case 


D? = ¥?+2at, (3) 


where « is the molecular diffusion coefficient. 
Townsend (1954) has shown that for short diffusion times 


D? = Y? + 2at(1+14w#? + higher order terms), (4) 
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where w is the vorticity of the turbulent motion, and the higher order terms con- 
stitute the rest of an alternating series of very complex terms which are negligible 
for small times. The difference between equations (3) and (4) arises from con- 
sideration of the rotation and strain of the instantaneous diffusion wake caused 
by the turbulent vorticity, which acts to increase the rate of molecular diffusion 
and thereby increases the lateral dispersion observed by concentration measure- 
ments. Townsend (1954), and Batchelor & Townsend (1956), have suggested that 
an effect such as that expressed by the terms in £°, t°, etc., in equation (4) might 
hold for longer diffusion times than those investigated by Townsend (1954); in 
that event, interpretation of diffusion experiments would be affected by the 
value of the molecular diffusivity. If the total dispersion is in fact influenced by 
interaction between molecular conduction and turbulent convection at large 
values of t, then many previous experiments (such as the experimental comparison 
of Eulerian and Lagrangian correlation coefficients by Mickelsen (1955)) would 
be in serious doubt. 

As noted by Townsend (1954), equation (4) may be expressed in terms of the 
Prandtl or Schmidt numbers when applied to the decaying turbulent field 
downstream of grids; for, on neglecting the higher order terms, we have 


x,M~ x,M‘x,M 16Av 


Dp Y? 2at 14 oe (7°) (5) 


Xo x, 
(in which the normalization is due to Batchelor (1952)), where zy is the distance 
from the virtual source of turbulence to the source of diffusion, x—2, is the 
distance downstream from the source of diffusion, WZ is the mesh length of the 
turbulence generating grid, A is approximately 135 for Townsend’s (1954) 
turbulent field, and v is the kinematic viscosity of air. From equation (5), it is 
evident that the value of the Prandtl number v/z for the diffusion of heat in air, 
and of the Schmidt number v/« for the diffusion of another gas in air, should 
markedly affect the total dispersion at the small values of t for which the 
relation (5) is a valid approximation. The present experiment was performed to 
test the suggestion that D?—2at would depend on v/« at longer diffusion times 
than those investigated by Townsend (1954). The experiment essentially con- 
sisted of comparing the mean lateral dispersion D? of two gases of widely 
different molecular diffusivities, and hence Schmidt numbers, in the same 
flowing turbulent field previously used by Townsend (1954). 


2. The experiment 


The experiment was carried out in the wind tunnel in the Cavendish Labora- 
tory in which Townsend (1954) originally observed the accelerated molecular 
diffusion of heat downstream from a line source. The wind tunnel, injector, and 
sampling apparatus of the present experiment are shown in figure 1. Helium and 


carbon dioxide were used for the diffusing gas because of (a) the wide difference in 
their molecular diffusivities (for helium a = 0-725cm2/s; for carbon dioxide 
a = 0-167 cm?/s; both at 80°F and 1 atm.), and (b) the convenience in measuring 
their concentrations with the katharometer (thermal conductivity bridge). The 
gas was injected into the turbulent air stream through a small tube of 0-8 mm 
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outside diameter (2mm for the large mesh grid data), as shown in figure 1. 
Helium was always injected at stream velocity, but it was necessary to inject the 
carbon dioxide at four or five times the stream velocity in order to obtain con- 
centrations high enough for accurate measurement. Several concentration pro- 
files were measured at (2 —2y)/%) = 0-1, with the high injection velocity, and with 
injection at stream velocity. The negligible difference in these profiles indicated 
that the injector, even with the high injection velocity used for carbon dioxide, 
was closely simulating a point source. 


Calming chamber 
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FicurE 1. Experimental apparatus. 


Concentrations of gas downstream from the injector were measured by con- 
tinuously drawing samples through the katharometer from both the diffusion 
wake and from the pure air outside the wake. The sampling tubes were 0-6 mm 
inside diameter, and the sampling rate was at stream velocity. The concentration 
profiles were found to be as in equation (2), which enabled the mean dispersion D? 


to be determined graphically. 


3. Results 

Concentration measurements were made at a number of axial stations down- 
stream from the injector, using two widely different grid meshes at a fixed wind 
speed of 640 cm/sec. The total contribution D® — 2at to the dispersion due directly 
and indirectly to the turbulence was determined from these data, and is shown in 
figure 2. The dispersion and axial distance have been normalized as in (5) to 
account for the decrease in turbulence intensity and increase in turbulence scale 
with distance downstream. Estimates indicated that the turbulent wake from 
the cylindrical injector was small compared with the turbulence generated by the 
grid, and this is borne out by the good agreement between the gas diffusion data 
and Townsend’s (1954) data for diffusion of heat from a line source which was 
small enough to leave no wake. 

To indicate what trends would be expected if accelerated molecular diffusion 
were appreciable, values of (D*—2at)/x, M for helium, carbon dioxide, and leat 
were calculated from (5) (which is of course valid only for small t), and are shown 
as dashed lines in figure 2. These calculations were made by using Townsend’s 
(1954) value for turbulence intensity at (a2 —2p»)/x) = 0-1, and by assuming that 
Townsend’s data for longer diffusion times (shown by the solid line) represented 


the turbulent mean-square displacement Y*/x, M. 
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It is evident from figure 2 that, at least within experimental error, equation (3) 
adequately describes the total dispersion for the diffusion times and turbulent 
field used in the present experiment and that accelerated molecular diffusion does 
not make a significant contribution. Whether these results may be generalized to 
all situations is still open to some question which might be answered by further 
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Ficure 2. Comparison of turbulent dispersion of helium and carbon dioxide. 


experiment. It is possible that Townsend’s accelerated molecular diffusion does 
not obtain in cases where the diffusion wake has been sufficiently broken up, as it 
is when the diffusion time is large. 


This work was carried out in the Cavendish Laboratory, University of Cam- 
bridge, during study under a Rockefeller Public Service Award. 

The author is greatly indebted to the counsel of Dr A. A. Townsend and 
Dr G. K. Batchelor before and during the course of the experiment. The Cam- 
bridge Instrument Company was most helpful in the loan of the katharometer. 
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An empirical torque relation for supercritical flow 
between rotating cylinders 


By R. J. DONNELLY AND N. J. SIMON 


Institute for the Study of Metals and Department of Physics. 
The University of Chicago, Chicago, Illinois 


(Received 16 July 1959) 


An empirical relationship for the torque transmitted by fluid friction to an outer 
cylinder as a function of the angular velocity of the inner cylinder has been 
obtained by analysis of experimental data published by Wendt, Taylor and 
Donnelly. With one exception it is found that the torque G has the functional 
form G = aQz14+ bar, 


where Q, is the angular velocity of the inner cylinder and a and 6 are constants 
determined from the data. The formula applies to a range of values of 2, above 
the onset of instability extending to about 10 times the critical angular velocity. 
The experiments also show that the finite amplitude analysis recently advanced 
by Stuart gives the correct variation of torque over a short range above the 
critical speed. At speeds well beyond critical it is found that G varies approxi- 
mately as Q}°, and that the variation of torque with gap width can be expressed 
as a simple power law with exponent about 0-31. In an appendix Dr G. K. 
Batchelor shows that these latter relations are consistent with the supposition 
that the flow is steady and consists of inviscid cores surrounded by boundary 


layers. 


1. Introduction 
The study of the flow of a viscous liquid between rotating cylinders has been 
a very important and fruitful area of investigation in fluid mechanics. Linear 
stability theory has had its greatest success in the prediction of the onset of 
instability in this geometry. It is natural, therefore, to try to obtain a description 
of the unstable flow as a means of studying the transition to turbulence. 
Experimentally, two techniques commonly used are the observation of dye 
traces in the fluid and the measurement of the torque transmitted to one cylinder 
as a function of the angular velocity of the other. The first of these is well suited 
to the observation of flow patterns up to the onset of instability, but is of less 
value as the motions of the fluid become more rapid and complicated. Suspen- 
sions of fine particles such as aluminium pigment (cf. Schultz-Grunow & Hein 
1956) overcome some of the difficulties. The torque method, while applied so far 
only to the case where one cylinder is at rest, has the advantage that the results 
can be compared quantitatively with theory. 
Recently Stuart (1958) has advanced an analysis which enabled him to caleu- 
late the relationship between the torque on the outer cylinder and the angular 
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velocity of the inner cylinder, if the two cylinders have nearly equal radii. He 
has compared his results with measurements by Taylor (1936). Since increasing 
attention is being given to finite amplitude problems, we have analyzed all the 
available published torque measurements of this kind in order to provide a basis 
for comparison with theory. The results may also provide some guide as to the 
selection of suitable assumptions for calculations. 


2. Theoretical relations 


When the flow is laminar the torque G transmitted to the outer cylinder as a 
function of the rate of rotation of the inner cylinder Q, is 


2 P2 
Q = os . (1) 
R—R? 


Here 7 is the viscosity of the fluid, R, and R, are the radii of the cylinders (R, > R,) 
and h is the length of the outer cylinder. Equation (1) is exact and forms the 
basis for the absolute determination of viscosity. At speeds near the onset of 
instability, small deviations from (1) possibly due to the finite length of the 
cylinders or incorrect alignment may be observed (Donnelly 1958). 

The validity of (1) is limited by the onset of instability in the laminar flow with 
formation of vortices as described first by Taylor (1923). The value of Q, at which 
instability begins, which we shall call Q,, is calculated from the critical Taylor 
number. For the case of a ‘narrow gap’ the Taylor number (Chandrasekhar 1954) 
is defined as 


_ 4Ra* (2,)* 
Pig (y) <n _ 
where d= k,—-R,, (3) 
ro = £(R, + R,), (4) 


v (= »/p) is the kinematic viscosity of the liquid and p is the density. The critical 
Taylor number here is T, = 3-390 x 10°, (5) 
It should be emphasized that in all these formulae we assume that the outer 
cylinder is at rest. Another approximation, used by Stuart in the calculations 


ted | r, is " 
quoted below, is T = R,d(Q,|v)?, (6) 
T, = 1-708 x 103. 
‘ 
In the limit d + 0 the expressions (2) and (6) are identical (except for a factor 2) 
and the values of 2. calculated from the critical numbers are very close. 
When the gap between cylinders is finite a different analysis of the stability 


problem is required (Chandrasekhar 1958). Numerical calculations have been 
given only for the case of R,/R, = 4. Here the appropriate Taylor number is 


Q.\3 
T= 9$Ri(“") (Ry/R, = 2) (8) 


and T, = 3-310 x 104. (9) 
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A calculation of the torque for values of 2 beyond 2, has been made by Stuart 
(1958) on the basis of a finite amplitude theory. His result may be written 


|d0| 


a 2hn | — 
G= ema * (10) 
00! Q47o ' yo 
where —| = ——|14+9}1- (d<ro, T-T,—> 0). (11) 
jor r=R, T 


T and T, are given in (6) and (7) and @ is a constant which follows from the 
formulae given on p. 18 of Stuart’s paper. In the notation of that paper 


a =\(* aae([* zac)? —a\" = 14472 2 
(ay ee 0% 

For purposes of comparison with experiment we may rewrite (10) and (11) in 
ae G =aQz1+bQ, (Q,> 2), (13) 
where a= —(2nR,hyr,v?) (PT.)/d4 (14) 
and b = (27Rihyr,) (1+ Z)/d. (15) 


As suggested by (11), Stuart’s analysis is valid for the ‘narrow gap’ geometry and 
is not expected to hold for values of 7’ much above 7, 

From dimensional considerations one can see that the general expression for 
the torque must be of the form 


G/phQ3 Roc f(R, d/R,) (16) 
provided only the inner cylinder rotates. Here the Reynolds number is defined as 
R= Q,R,d)v. (17) 


Dr G. K. Batchelor shows in an appendix to this paper that a prediction for the 
form of the function f can be made for speeds well above critical using the 
‘inviscid-core-and-boundary-layer’ model of the flow (Batchelor 1956). The 
result of such an argument leads to 


G/phQ2 Ric R-4(d/R,)t. (18) 


In §§3-—5 we shall discuss the variation of torque with angular velocity. In §6 
we shall consider the evidence for the variation of torque with gap width at high 
speeds. 


3. Reduction of the data 


Torque measurements of the type we are discussing have been reported by 
Wendt (1933), Taylor (1936) and Donnelly (1958). Since the first two authors did 
not publish tables of measurements, we have photographed and enlarged the 
graphs and taken the data from them with calipers. Due to mechanical limitations 
of the apparatus several fluids must be used to determine a complete (@, Q,)-curve. 
Dynamical similarity requires that for any given pair of radii G/pQ? must be a 
function of Q,/v. It is customary to calculate these quantities (or equivalent 
dimensionless parameters) for each fluid and combine them on a single curve. 
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On such a graph the laminar flow line starts at the upper left and extends to the 
lower right. The data leave this line at the critical speed (see figure 1). 

For theoretical purposes the different fluids are of little interest, so that the 
empirical relations below have been quoted for the fluid of greatest viscosity. 
From the discussion above we see that if two fluids are measured at the same 
value of 2,/v in the same apparatus, the same value of G/pQ? is obtained. We can 
then convert the torque data from liquid 2 to the equivalent for liquid 1 by the 


relation 
G Py vi 
= (2 :) G.. (19) 
PoV3) 
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FicurE 1. (a) After Taylor (1936, Fig. 2). R, = 4:05em, R, = 3-94cem, v = 0-131, 


p = 1-171. The dashed line corresponds to the calculated value of Q,. The solid line 
corresponds to G@ = —3-71x 10°Qy7*+1-12x 10°Q,, calculated from Stuart’s formula. 
(b) Data as in (a). The solid line corresponds to G = —1-21 x 10° Q7*+1-59 x 104 Qr = 


fitted empirically. 
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The notation and constants of the experiments are listed below. 


(a) Measurements of Taylor 


G = measured torque in g cm? sec~?; 

p = density of fluid in g/em’ = 1-171 g/cm; 
= 0-131 em?/sec; 

84:4cem. 


| 


h 


Taylor made measurements with R, = 4-05cem and inner cylinders of the 
following sizes: 


ure 1), 3-89 (figure 2), 3-83, 3-74, 3-68, 3-59, 3-45 and 3-20cm. 
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Figure 2. After Taylor (1936, Fig. 3). R, = 3-89cem, R, = 4:05cm, v = 0-131, 
p = 1-171. The curve corresponds to G = — 4-41 x 10? Q7?4 1-28 x 104 QY**. 


(b) Measurements of Wendt 
t, = 14:-70cm; 
R, = 13-75 em (figure 3), 12-50cm (figure 4), 10-00cm (figure 5); 
A = 7,/4pQ3 R? = G/mhpQ? Ri, where 7; is the stress on the inner cylinder. 
As Wendt did not list the viscosity of his liquids, which were pure water and 
glycerine—water solutions, we have reduced his data by defining 
T =7,/$pv?, U=Q,R,]/p, (20) 
so that A = T/U?. Thus T is proportional to the torque and U is proportional to 
Q, (for constant v, A, and R&,). 


(c) Measurements of Donnelly 


G = torque in dyne cm; 
h = 4-998 + 0-0003 em; 
R, = 2-00023 + 0-0001 cm; 
R, = 1-89936 + 0-0001 em in figures 6 and 7, 
= 0-99963 + 0-0001 em in figures 8 and 9; 
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v = 5-796 x 10-in figures 6 and 7, 
= 1-226 x 10-1 in figures 8 and 9; 


P 


1-585 g/cm® in figures 6 and 7, 


= 0-8404 g/cm in figures 8 and 9. 


The original data are presented in tables 1 and 2. G is given as a function of the 
Reynolds number F# and (19) has been used to convert all the data to the equi- 


valent torque for the liquid of greatest kinematic viscosity. 


G 


(dyne cm) 


13-0 
14-2 
16-3 
18-5 
21:5 
25-9 
32-2 
43-0 
64-5 
72-1 
76-2 
80-8 
82-2 
92-9 
100 
104 


G 
R (dyne cm) R 
20:8 108 174 
22-9 113 181 
26:3 116 183 
30-0 120 185 
34-7 124 188 
41-6 127 189 
51-9 130 190 
69-2 134 192 
104 140 195 
116 147 200 
122 151 204 
129 160 210 
138 173 219 
149 183 231 
160 220 254 
167 256 276 


G 
(dyne cm) R 
292 297 
328 318 
382 346 
547 431 
597 452 
633 470 
641 482 
755 549 
786 568 
924 634 
1090 710 
1330 825 
1580 920 
1858 1026 
2209 1165 


TABLE 1. Torque measurements as a function of Reynolds number (R, = 1-9 cm, 
R, = 2:0 cm, h = 5-0 cm, v = 5-796 x 10-* cm*/sec, p = 1-585 g/em*, R = Q, R,d/v) 


G 


(dyne cm) 


10-8 


TABLE 


R, = 2:0 em, h = 5-0 cm, v = 0-1226 cm?/sec, p = 0-8404 g/cm’, R = Q, R,d/v = Qy R?/v) 


9 


G 
R (dyne cm) 

10-2 70-4 
11-4 71-4 
12-8 72°5 
14-6 72-9 
17-1 73-6 
20°5 74-9 
25-6 76-7 
34:1 82-0 
42-7 86-5 
51-1 93-4 
53-9 106 
56-9 116 
60:1 126 
63-9 146 


Torque measurements as a function of Reynolds number (R, = 1-0 cm, 


R 
65-5 
66-6 
67:4 
67-8 
68-2 
69-1 
70-2 
73-0 
75°3 
78:8 
85-1 
92-7 
94-8 

107 


G 
(dyne cm) R 
180 121 
198 127 
240 149 
283 167 
345 192 
808 360 
1430 541 
1710 619 
2150 722 
2680 867 
2830 901 
3690 1050 
5450 1440 
8990 2040 











; 








1e 
‘i- 














Supercritical flow between rotating cylinders 407 


4. The variation of torque with angular velocity 


From the discussion in §2 we see that the torque can be computed by (1) up to 
a known 2. Above Q,, Stuart’s equation (13) can be used. A comparison of (13) 
with Taylor’s data is shown in figure 1a. From (14) and (15) and the dimensions 
in §3 we find 
a= —3-71x108°, 6 = 1-12x 105, 
The fit as 7’ — T, + 0 is quite accurate, the dominant term being that in Q7!. This 
is the expected range of validity of the theory. At higher speeds (13) is dominated 
by the linear term and the curve becomes parallel to the laminar flow line. A com- 
parison with data of Donnelly may be seen in figure 7. 
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Figure 3. After Wendt (1933, Abb. 13). R, = 13-75 cm, R, = 14:70 cm. The curve 
corresponds to T = — 4-46 x 10#U-1+ 0-650U1, 


An examination of figure 1a shows that the data for Q > Q, follow a straight 
line, but with a higher power of Q,. Figure 15 shows the result of assuming that 
the torque relation has the form 


G=aQz7!4+bQ7 (Q>Q,), (21) 


with n = 1-36. The constants a and b have been determined by the points marked 
with arrows. It can be seen that (21) fits the data within experimental error in the 
range 1-9 < log (pQ,/2m) < 3-1, or over a factor of 16 above Q,. Since 7 oc 2, this 
corresponds to agreement over a range of about 2567). The value of n in (21) 
appears to be the same for all the experiments, as will be shown below. Therefore 


we will use the form G = a0z1+b0!* (0, >9,) (22) 


for all the data. 

A second measurement by Taylor is shown in figure 2. The solid line is calcu- 
lated from (22) and the marked points. It holds within experimental error over 
the range 1-75 < logpQ,/27 < 2-5, or up to values of Q near 6Q,. The deviation 
at log (pQ,/27) = 3-0 amounts to 20 %. 
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The data of Wendt are shown in figures 3-5. As explained in $3 we have used 
T and U instead of @ and Q, in (22). The solid line represents the data in figure 3 
over the range 2-2 < log R < 3-3, or up to values of Q near 13Q,. The deviation 


at log R = 4-0 is 35 % from the empirical curve. 
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Ficure 4. After Wendt (1933, Abb. 13). R, = 12-50cm, R, = 14:70cm. The curve 
corresponds to T = — 1-60 x 10°U-14+ 0-506U?*, 


























Ficure 5. After Wendt (1933, Abb. 13). R, = 10:00 cm, R, = 14-70 cm. The form given 
by (22) will not represent this data accurately. The curve shown is 


T = —15U-1+0-387U135, 


In figure 4 the empirical curve fits over even a wider range: 2-0 < log R < 3:3, 
or up to Q = 20Q.. The deviation at log R = 4-0 is 35°% from the solid line. 

The relation (22) is less successful for Wendt’s widest gap arrangement, shown 
in figure 5. The curve may be made to fit either the beginning portion or the 
straight line portion of the measurements (as shown), but not both. There is a 
possibility that (22) breaks down for wide gap geometries. However, a comparison 
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FicurE 6. After Donnelly (1958, Fig. 5). R, = 1:9em, R, = 2:0cem,v = 5-796 x 10-3, 
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of figures 6 and 8 which represent narrow and wide gap measurements shows that 
both follow (22). 

The measurements of Donnelly are shown in figure 6 for the case R, = 1-9cm, 
R, = 2-0cem. The solid line is seen to fit the data fairly closely over the whole 
range, or to 70,. The detailed nature of the observations seem to indicate repro- 
ducible features which are not followed by the curve. In order to illustrate more 
clearly the nature of these deviations a linear plot of the original data near 
Q = Q,, taken from table 1, is shown in figure 7. One can seen that the deviations 
from the curve are less than 3% in this range. It should be noticed that Wendt’s 
data in figure 3 also show such deviations near 2, in a similar case: d = 0-0667 r, 
for figure 3 and d = 0-0513 r, for figures 6 and 7. 
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FicurE 8. After Donnelly (1958, Fig. 8). R, = 10cm, R, = 2:0cm, v = 0-1226, 
p = 0-8404. The curve shown is G@ = — 104 Q7!+4-70 O73. 


We have calculated Stuart’s torque relation (13) for this case and find 


a= —857, b= 49-2. 


This is plotted as a dashed line in figure 7. The calculated curve agrees with 
experiment very closely near the critical value (which is its intended range). 
The experimental critical point agrees with that calculated from (2) and (5) or 
(6) and (7) within 1%. At Q,R,d/v = 300 the calculated torque is about 20% 
too high. 

Figure 8 shows measurements for the case R, = 1-0cm, R, = 20cm. Here 
(22) appears to represent the data within experimental error over the entire 
range of measurements, i.e. to 30 Q, or 900 T,. The experimental data are given in 
table 2, and the fit near 2, is displayed on a linear scale in figure 9. The experi- 
mental value of 2, agrees with the value calculated from (8) and (9) to within 4%. 
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We have made some studies to determine the experimental limits of the 
exponent n in (21). Wendt has suggested n = 1-5 in his paper (cf. §6). We have 
tried several curves with n = 1-5 and conclude that this represents the upper 
limit of the exponent for a close representation of the data in the range of interest 
here. The value n = 1-36, which was determined from figure 8, appears to be the 
best compromise for all the measurements illustrated here, and at the same time 
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FicureE 9. Plot of torque as a function of Reynolds number of the data 
in figure 8 and table 2. 





Range of Deviation 


Author Figure approximation from data 
Taylor 1b 16xQ, 256xT, 40% at 40xQ, 

2 6 36 20 18 
Wendt 3 13 169 35 64 

+ 20 400 35 100 

5 Fails oo _ — 
Donnelly 6 is 49 8 7 

8 30 900 0 30 


* Total range measured. Data deviates on both sides of curve: see §4. 


TABLE 3. Range of validity of the empirical relation (22) 
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to be very near the lower limit of n. We may say that the experiments give 
4 <n < } with the smaller value somewhat closer to the best compromise. The 
range of validity is summarized in table 3. 


5. Discussion 

The experiments shown in figures 1a and 7 confirm the validity of the torque 
relation (13) given by Stuart over its intended range: 7’ > T, from above and 
d <r,. The mechanism proposed by Stuart accounts for the general variation of 
torque even though detailed numerical agreement is limited toa short range above 
the critical Taylor number. The experimental evidence suggests that a relation of 
the form given in (22), which is a modification of Stuart’s calculated equation, is 
suitable over quite a wide range of conditions. The fact that the exponent 1-36 in 
(22) is found to be almost independent of the gap width suggests that an under- 
standing of the limiting case d > 0 should be relevant to the more general problem. 

Landau (1944) has advanced the interesting suggestion that instability may 
lead to a stable secondary flow, which after a certain increase in velocity would 
become unstable in turn and be replaced by a still more complex flow. This would 
continue until eventually the flow is sufficiently disordered as to be considered 
turbulent. The torque measurements do not appear to show any significant 
departure from (22) until 7’ > 100 7, and then the points leave the empirical curve 
fairly slowly. Nothing appears to be as clearly marked as the first instability (ef. 
Donnelly 1958, Figs. 4, 7). On the other hand, the torques are averaged over 
considerable fluctuations in the range above Q,, which makes it difficult to 
measure with the precision which one can obtain below 2... Torque measurements 
alone are not likely to be sufficient to explore the transition to turbulence. 
Schultz-Grunow and Hein have compared their finite amplitude experiments 
with Wendt’s torque data. They show that at certain Reynolds numbers the 
regular cells which form after instability begins are perturbed by tangential 
waves and eventually change their spacing. These details can be correlated with 
details in the torque measurements. 

We have explored the range above ©, in figure 8 (which is quite regular) with 
a visual technique similar to that of Schultz-Grunow and Hein, as well as with 
ink traces. The wide gap apparatus of Donnelly & Fultz (1960) was used. Here 
we find that the cell spacing continues to be regular up to speeds corresponding 
to the limit of measurements in figure 8. The motions in the cells, however, show 
features which would have to be reported in more detail than can be done at 
present (see Donnelly & Fultz 1960). 


6. The variation of torque with gap width 

The variation of G with gap width is, of course, completely specified for 
laminar flow by (1). The dependence of G upon gap width just above Q, is not 
immediately clear, but for higher values of 2, appears to show significant 
regularities. For purposes of analysis we might assume, following (16), that the 


form for G is G/phQ? Ric R-"(d/R,)™. (23) 


From (17), (21), (22) and (23) we see that 1 = 2—n = 0-64. 
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If we plot log (@/phQ} Rj) asa function of log Randif the proportionality constant 
in (23) is independent of geometry, then curves corresponding to different values 
of d/R, will be equally spaced for all values of R (provided we avoid the region 
near Q,). A particularly striking example of this is given by the measurements 
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FicurgE 10. Reproduction of Abb. 13 of Wendt’s paper. The solid lines represent the 

empirical equations (24) given by Wendt (1933). R,—R,: 0, 4:70cem; x, 2°20 cm; 

@, 0-95 cm. 


of Wendt shown in figure 10. Wendt has drawn the straight lines according to the 
empirical formulae 


” 1 
A = 0-46 = 4 RS (4x 102 < R < 108), (24a) 
1 
—2 
A = 0-073 be =| R-°3 (R > 104). (245) 
i 1 


We see that (24a) implies a variation of torque with Reynolds number similar to 
what we have proposed in §4 for Q > Q, (i.e. = 1-5in (21)). From an inspection 
of figures 2-5 it can be seen that n = 1-5 (J = 0-5) is probably a better choice in 
this high speed region than n = 1-36 which was chosen for the best fit closer to Q,. 
This, of course, is the sort of limitation one expects in a purely empirical analysis. 
It is also interesting to notice from figure 10 and equation 24) that the curves are 
still approximately equally spaced after the bend in the torque curves at R = 104. 

The value of m can be determined from measurements on figure 10 by measuring 
the distance between any two curves, denoted a and b. 


log A, —log A, = m log [(d/R,),/(d/R,),]- (25) 

We can also follow Wendt’s suggestion given in (24) that dR,/R? is the correct 
parameter and define m’ from 

log A, —log A, = m’ log [(dR,/R),/(dR,/ R9)). (26) 


esults of such calculations are shown in table 4. They show that for log R > 3-0 
the values of m (or m’) are roughly constant, and that m is not very sensitive to 
a change in comparison between sets of curves with a ratio (d/R,),/(d/R,), of 
2-55 to 6-80. 
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The measurements by Donnelly can be used again for a comparison between 
large and small gap widths: (d/R,),/(d/R,), = 18-8. Beginning with the data in 
tables 1 and 2 we have computed the quantity 


A = G/pQ2 Rt = G(d/v)?/pR?R2, (27) 


and found the ratio A,/A, as a function of R. Here A, refers to the narrow gap 
measurements. Values of m and m’ are compiled as before and the results are 
given in table 5. We see that over the range 400 < R < 1200 a constant value of 
m = 0-35 will describe the data. Furthermore, the value of m is not much changed 
from values in table 4 for smaller gap-width ratios. 


(a) Comparison of Wendt’s curves in figure 10 for gap widths 0-95 and 2-20 cm 


log R log A,/Ag m m’ 
2-5 0-148 0-36 0-33 
3:0 0-123 0-30 0-28 
3°5 0-121 0-30 0-27 
4-0 0-121 0-30 0-27 
4:5 0-121 0-30 0-27 

(b) Comparison of curves in figure 10 for gap widths 0-95 and 4-70 cm 
2:5 0-277 0-33 0-30 
3:0 0-212 0-26 0-23 
3°5 0-220 0-26 0-24 
4-0 0-224 0-27 0-24 
45 0-227 0-27 0-24 

TABLE 4 

R A,/Ag m m’ 
200 0-271 0-45 0-36 
300 0-311 0-40 0-33 
400 0-342 0-37 0-30 
500 0:355 0°35 0-29 
600 0-343 0-36 0-30 
700 0-348 0-36 0-29 
800 0-353 0-35 0-29 
900 0-353 0°35 0-29 

1000 0-357 0-37 0-29 

1100 0-358 0-35 0-29 

1200 0-357 0-35 0-29 


TABLE 5. Comparison of Donnelly’s measurements for gap widths 0-1 and 1-0 cm 


Taylor’s measurements are not as conclusive as the other experiments on this 
particular point. His curves extend to higher Reynolds numbers and are not 
always parallel. This can be seen in Fig. 10 of Taylor’s paper (1936) on which are 
plotted G/(pQ? R? R3) vs R for a series of 8 different inner cylinders. We have 
calculated values of A as in (27) for several of Taylor’s curves excluding the 
highest speeds. The results for m are summarized in table 6. We see that, up to 
log R = 4, the values of m are fairly constant and do not vary very much with 
change in gap width. An exception is seen in table 6c, where two wide gap cases 
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are compared and m is considerably lower. However, the curves lie so close that 
the error in this determination could be rather large. 

We conclude that (23) will represent approximately the data in the speed range 
considered. The value of m is about 0-32 + 0-05 and is not very sensitive to the 
ratio of gap widths being compared. Wendt’s suggestion that (dR,/R?)™ should 
replace (d/R,)” in (23) does not seem to lead to much improvement, as seen in 
tables 4-6. The results of this section are consistent with the relation (18) 
proposed by Batchelor, in which the value of m is 0-25. 


(a) Comparison of Taylor’s measurements for gap widths 0-16 and 0-46 cm 


log R log A,/A, m m’ 
3-1 0-166 0-34 0-31 
3°3 0-173 0-35 0-33 
3°5 0-173 0-35 0-33 
3°7 0-180 0-37 0-34 
38 0-184 0-37 0-35 

(6) Comparison for gap widths 0-16 and 0-85 cm 
3:3 0-262 0-32 0-29 
3-5 0-255 0-31 0-28 
3-7 0-266 0-33 0-30 
3°8 0-272 0-34 0-30 
(c) Comparison for gap widths 0-60 and 0-85 cm 
3-3 0-048 0-26 0-22 
3°5 0-038 0-21 0-18 
3°8 0-041 0-22 0-19 
4-0 0-042 0-23 0-19 
TABLE 6 


7. Conclusions 

We have analysed the results of a number of measurements of the torque 
transmitted to an outer cylinder as a function of the angular velocity of the inner 
cylinder. The results show that the analysis of Stuart (1958) gives the correct 
variation of torque for a short range above the critical speed. With one exception 
(figure 5) we find that the functional form 

G=aQz!4+bQ? ($ <n < 3) 

describes the measurements over a range of about ten times the critical velocity. 
Details of the range of validity of this equation are given in table 3. The exponent n 
is not sensitive to the width of the gap between cylinders. A good compromise 
value appears to be n = 1-36 for the range indicated in table 3 and n = 1-5 at 
higher speeds. When measurements are pushed far enough the empirical relation 


breaks down. 
For speeds well beyond critical it is possible also to describe the variation of 


torque with gap by G/(phQ} Ri) R-(d/R,)", 


where! = 2—n = 0-5andm = 0-31. Thisis in fair agreement with the formula (18) 
obtained by Batchelor (see the appendix). 
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Appendix 


A theoretical model of the flow at speeds far above the critical 
By G. K. Batchelor (University of Cambridge) 


After Dr Donnelly and Miss Simon had prepared their paper for publication. 
[ noticed that the empirical relation between torque G and angular velocity Q, at 
speeds well above the critical (viz. that Goc Q} where n is about 1-5) is in accord 
with a prediction based on a simple theoretical model of the flow. This theoretical 
model also gives a prediction of the dependence of G on the size of the gap between 
the cylinders at speeds well above the critical; and it seems from further analysis 
of the available data by Donnelly and Simon, now incorporated in the paper, 
that the theoretical and observed relationships are again in fair agreement. It 
therefore seems worthwhile to record here the basis of the theoretical results. 
It is supposed, first, that the flow between the two cylinders is steady, even 
though the angular velocity of the inner cylinder is far above the critical value. 
This steady flow will presumably have a cellular form, with the same axial wave- 
length as at speeds just above the critical although certainly not with the same 
velocity distribution, and the streamlines will lie on closed surfaces of revolution. 
When the angular velocity Q, is large enough, the Reynolds number of the motion 
in an axial plane will be large compared with unity, and the whole flow will consist 
of regions in which viscous forces are negligible and thin layers in which viscous 
forces are significant. The distribution of vorticity in the inviscid core of flow 
systems of this kind has been investigated (Batchelor 1956), but no use of the 
detailed form of the velocity or vorticity distributions will be made here. For the 
present purpose (which is to predict the functional dependence of torque on 


angular velocity Q, and gap d, without bothering about the numerical value of 
constants of proportionality) it is sufficient to assume a flow in the axial plane of 


the kind sketched in figure 11. In this figure 6 represents the general magnitude of 
the thickness of the boundary layer round the outside of the inviscid core of one 


cell, and we shall write v for the velocity (in the axial plane) at the outer edge of 


this inviscid core. 
We now estimate 6 and v in terms of d and Q,. One relation is obtained by 
assuming the usual parabolic growth of a boundary layer with distance. The 


boundary layer under discussion is closed, and its thickness increases over part of 
its length and decreases over the remainder (the decrease occurring because the 
centrifugal force accelerates the fluid in the boundary layer over the horizontal! 
parts of its length), but the general magnitude of the thickness will presumably be 
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the same as if the layer had increased in thickness over a path of length of order 
d under the action of an external stream velocity of order v. Thus we have 


6 dv\-* 
a an 


A second relation follows from the balance in the boundary layer between the 
driving centrifugal force and the retarding viscous force. Fluid very close to the 
inner cylinder is acted on by centrifugal force Q?R,, whereas fluid close to the 
stationary outer cylinder is subject to no centrifugal force. The general magnitude 
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FicurE 11. Sketch of the flow (in an axial plane) assumed in the theoretical argument. 
The lightly shaded area represents the boundary layer region in which viscous forces are 


significant. 


of the centrifugal force acting on fluid throughout the boundary layer is thus 
Q? R,, whereas that of the viscous force per unit mass, in the direction of flow in 
the axial plane, is vv/d?. Hence 


Q?2R, ~ vv/d?. (A2) 
The relations (A 1) and (A 2) together give 
v~ Q,(dR,)t, 6 ~ dtvd/O} RE. (A3) 


The corresponding Reynolds number of the axial boundary-layer flow is thus 
vd (Q,R,d\*/d\* 
v v ) R) ; 
97 Fluid Mech. 7 
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and this is the number which must be large compared with unity for the analysis 
to be applicable. This requirement was certainly satisfied in some of the experi- 
ments described in the paper; for instance, in Donnelly’s (1958) experiments with 
the smaller of his two inner cylinders, d/R, = 1-0 and the Reynolds number 
Q,R,d/v ranged up to about 2000. 

The torque G acting on a length h of the inner cylinder can now be determined 
from the fact that the azimuthal velocity of the fluid drops from Q, R, at the 
cylinder to some value representative of the core conditions in a distance 6. The 
distribution of angular velocity Q in the inviscid core is such (Batchelor 1956) as 
to make the circulation about the inner cylinder uniform (i.e. Qoc r-*) and equal 
to some value intermediate between 27Q, R} and zero, so that Q2 must change by 
an appreciable fraction of its value across the boundary layer. Hence 


G ~ hR} x viscous stress at cylinder 
~ hR? = =) 


om( ¥ \t(a\t 
~ hee a = ’ “em 
which is the relation (18) quoted in the paper. It is to be noted that this relation is 
an asymptotic one, holding more closely as the Reynolds number of the flow 
increases. It seems reasonable to infer, from the agreement between (A4) and 
some of the observations discussed in the paper, that a flow of the type sketched 
in figure 11 does in fact occur under the conditions of these same observations. 
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A comparison between buoyant vortex rings 
and vortex pairs 


By J.S. TURNER 


Mechanics of Fluids Department, University of Manchester 
(Received 25 June 1959) 


In this paper it is shown how earlier results for buoyant vortex rings may be 
extended to describe the corresponding two-dimensional case, which arises in 
the theory of bent-over plumes. It is again assumed that in uniform surround- 
ings the circulation remains constant while the buoyancy acts to increase the 
momentum of the pair. The behaviour in two dimensions is quite different 
from that in three, however; a buoyant vortex ring spreads linearly with height, 
whereas a buoyant pair spreads exponentially with height, or linearly with time 
(and therefore, in a bent-over plume, linearly with distance downwind). 

The theory has been extended to describe the rise of buoyant rings and pairs 
through stably stratified surroundings having a linear density gradient. The 
behaviour near the maximum height reached is found to depend critically in 
both cases on the relative rates at which the circulation and the momentum 
fall to zero. If these reach zero together, the rings or pairs will steadily increase 
in size and come to rest at a finite height and with a finite radius. If the circula- 
tion is non-zero when the momentum vanishes, the radius begins to decrease 
soon after the buoyancy becomes zero, and the vortices will therefore tend to 
break up suddenly and mix into their surroundings. There is a considerable 
increase in the final height which should be attained by vortex rings or bent- 
over plumes if the initial circulation is increased; it is suggested that releasing 
smoke intermittently, rather than continuously, at high velocity might be a 
means of increasing the effective height of chimneys in calm conditions. When 
the circulation reaches zero before the momentum does, the solutions indicate 
that the radius becomes very large near the level of zero buoyancy. 


1. Introduction 

In a previous paper (Morton, Taylor & Turner (1956), which will be referred to 
hereafter as I), the properties of an isolated mass of buoyant fluid released from 
rest in stratified surroundings were investigated, with the object of obtaining 
results which could be applied to the atmosphere. It was later shown (Turner 
(1957), to be referred to as II) how the motion in such a ‘buoyant cloud’ can be 
considered as a particular case of a buoyant vortex ring. The more general 
theory deals with the situation in which an arbitrary amount of vorticity is 
injected into the ring as it is formed, and the behaviour is found to be altered 
greatly by this extra vorticity. The buoyant cloud corresponds to the case in 
which the only circulation is produced by the buoyancy, during the initial 
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acceleration from rest; thereafter the cloud spreads linearly with height in 
uniform surroundings, but at a larger angle than a buoyant ring containing the 
same total buoyancy and more vorticity. 

At the time the above work was done, there was no reason to suppose that the 
corresponding two-dimensional problem would have a real physical significance, 
although the line source of buoyancy released continuously has been treated in 
the literature (e.g. Rouse, Yih & Humphreys 1952). Recently, however, Scorer 
(1958) has followed up his earlier work on ‘thermals’ (the name he has adopted 
for what we have called ‘buoyant clouds’) by suggesting that the behaviour of 
plumes of smoke when they have been bent over by a cross-wind and become 
nearly horizontal, can conveniently be discussed in terms of a line source of 
buoyancy. It is in fact sometimes observed that a plume of smoke bent over 
in this way tends to split sideways into two concentrated regions with a clear 
space between them, and the effect is clearly shown in the photograph obtained in 
a laboratory channel (figure 1, plate 1), which will be discussed in more detail in 
§2.1. The flow in planes perpendicular to the axis of the plume is very like that 
in a vortex pair, with a region of greater than the mean velocity of rise in the 
centre and a slower region on each side. The behaviour of a short length of such 
a plume as it is swept downstream should be similar to that from a two-dimen- 
sional source developing in time, and Scorer has initiated experiments to study 
this simplified problem in the laboratory. 

In this paper it will be shown that an extension of the ideas developed for 
vortex rings may again be used to obtain an understanding of the two-dimen- 
sional case. There are, however, certain important differences, both when one 
considers the generation of the motion and the subsequent rate of spread. The 
first purpose of this paper will therefore be to derive corresponding results to 
those obtained for buoyant vortex rings in uniform surroundings, and to point 
out where the two cases differ physically. The attempts at extension to vortex 
pairs in a stratified ambient fluid have also led to a more complete under- 
standing of the vortex rings in this case, and in the second part of this paper we 
shall discuss the different types of behaviour which can be obtained, particularly 
near the maximum height reached by the rings or pairs. 


2. Motion in uniform surroundings 
2.1. Buoyant vortex rings 


The assumptions and results of IT will be summarized in this section, but some 
familiarity with the earlier papers will be assumed when comparisons are made. 

The basic assumption is that in uniform surroundings, the circulation K in 
a buoyant vortex ring remains constant, while the buoyancy acts to increase 
the momentum of the mass of fluid moving with the ring. This idea may be 
justified as follows. It is clear that an increase of momentum implies an increase 
in the radius of the ring, and therefore the addition of external fluid. It is 
observed that at least some (and sometimes all) of the added fluid is drawn up the 
centre from behind, thereby tending to concentrate the buoyant fluid in a ring, 
even in cases where it has been uniformly distributed to start with. Thus a 
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circuit may be taken round the vorticity-containing region which lies completely 
in irrotational fluid of constant density; that is, K must be constant. It is also 
implied that any turbulent motion is much less important than the large-scale 


circulation. 
If we neglect the effect of small density differences in the inertia terms, the 


momentum P is given by — 
; ’ P = 7pKR*, (1) 


where R is the ‘mean radius’ of the ring. Hence the equation balancing the 
buoyancy force with the rate of change of momentum is 


dP dR? : : 
= mpkK al gW(p—p’) 
dk? F “ 
or , a" (?) 
Here the total buoyancy pF is defined by 
, g9W(p-p’) é 
p=?% = a. (3) 


where W is the volume of buoyant fluid, of density p’, and p is the density of the 
surroundings. In uniform surroundings F is constant, and equation (2) may be 
integrated to give Ft 

R?— R2 = —., (4) 


In order to proceed further we need to make some assumption about the 
vorticity distribution in the moving mass, since the velocity V of a vortex ring 
is critically dependent on the size of the vorticity-containing region. If we 
assume that the distribution remains similar at all heights, we have 


V = cK/R, | 

F 1 (5) 
and hence R=ar= —— x, | 
27ck2 °) 


where z is the height above a virtual source and c and & are constants. In terms 
of the distance h between states R, and R, time t apart, we may obtain the form 
h? hR 
1 (Bea) ete a 
4nc*K cK 
Thus, for a given circulation, increasing the buoyancy gives a lower velocity, 
i.e. a longer time to reach a given height. 


2.2. Buoyant vortex pairs 
When there is no density difference in the fluid through which a vortex pair is 
travelling, then we know (Lamb 1932, §155) that the velocity V and the 
momentum per unit length P’ are given by 


. K 
jn (7) 
and P’ = 29K R, (8) 
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where 2 is the separation of the pair and K is the circulation round one line 
vortex. The (irrotational) fluid motion accompanying the pair has an oval cross- 
section with semi-axes 2-09R and 1-73R; this shape, unlike the corresponding 
one for the vortex ring, is independent of the size of the region containing the 
vorticity, provided this is small compared with R. The velocity is also inde- 
pendent of this distribution, a fact which makes the two-dimensional analysis 
possible with one assumption less than was required in three dimensions. (With 
widely distributed vorticity, one might of course have to make some similarity 
assumption, and use a different constant in equation (7).) 

We may again make the assertion that the circulation K is constant, and for 
the same reasons; an increase in momentum implies a separation of the pair. 
Suppose that the pair contains a volume Q per unit length of fluid of density p’. 
Then, neglecting density differences except in the buoyancy term, we have 


re ca -dR 
oe ee ae 
a ape. dt 9X(p —P’) 
dR tad (9 
( = t 
- dt 2K’ 


where the buoyancy pF’ per unit length is defined by 


PF’ = me p) (10) 


In uniform surroundings F”’ is constant, and (9) may be integrated to give 
R-R, = F't/2k, (11) 


where 2A, and 2R are the initial and final separations, and ¢ is the elapsed time. 
The increase of radius is linear with time, or, referring to the suggested applica- 
tion to the bent-over plume, linear with distance downwind; the corresponding 
theoretical and experimental result in three dimensions (equation (4)) is that R? 
increases linearly with time. 

At this point it is interesting to refer to figure 1 (plate 1), which shows a plan 
view of a bent-over plume in a 10 x 5 em Perspex water channel. In this case the 
velocity of the water was about 3 cm/sec and the initial density difference of the 
order of ;4; °%. This photograph was produced for illustration only, and should 
not be examined quantitatively, since the velocity across the channel was not 
uniform ; but the splitting is clearly shown, and the spread appears to be nearly 
linear with distance. 

In the two-dimensional case, using (7) and (9) with no extra assumption, one 
arrives at the following explicit expression for radius in terms of distance: 


cca 


Kk? (12) 


= exp 


R 
R, 


where / is the height between states R, and R. This exponential increase of 
separation with height is very different from the linear spread of vortex rings 
predicted by equation (5). 
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It also follows that in the two-dimensional case, 


_ 2KR,[_ (2nF’ 
t= a i lexp (“Fr . _ i). (13) 


This shows that, again, increasing the buoyancy for a given circulation reduces 
the rate of rise, because the pair spreads faster. An obvious extension of (13) 
leads to a prediction of the path of the centre of the plume as it is swept down- 
wind at a known velocity; this can of course only be applied while the motion is 
dominated by the buoyancy and not by the turbulence in the surroundings. 

Using (11) and (12), one could determine F’/K and F’/K? experimentally and 
hence in principle find F’ and K. If F’ is known (and in the laboratory the 
volume and density of fluid released usually would be measured), then one 
relation is sufficient to determine K. 


2.3. The generation of the circulation 


So far it has been assumed that F’ and K may be specified separately, which is so 
when extra momentum is given to the fluid initially. The most important case, 
however, is that in which a mass of buoyant fluid is released from rest, and the 
only circulation is that generated soon after the release by the action of the 
buoyancy before non-buoyant fluid has been drawn up the centre. This is what 
in three dimensions we have called a ‘buoyant cloud’, and it is in the comparison 
of this with the corresponding case for the line source that the contrast between 
the two- and three-dimensional solutions may most clearly be brought out. 

In three dimensions, the mean half-angle of spread for the cloud was found 
in II to bea = 0-18, in agreement with Woodward (1959), and corresponding to 
particular values of F/K? and ¢ in (5). Such a relation is to be expected on 
dimensional grounds, since F and K? have the same physical dimensions, and it 
is not easy to see how the scale could matter, whatever the exact mechanism of 
generation of vorticity might be. In two dimensions, on the other hand, a non- 
dimensional constant cannot be formed from F’ and K alone, since F’ is the 
buoyancy per unit length. Another length must enter the problem, and one 
might suggest the dimensionally correct form 

7 

. Ro = const. = s 5 (14) 

kK? 27 
where 2R, is the separation of the vortex pair just after the circulation has 
become established, as the first relation to try when interpreting observations. 
With this assumption, it follows from (12) that the shape of the region swept out 
by the pair as it rises will always be the same when it is made non-dimensional 
with the initial separation: 
- R _ (dh 1. 
sO: > exp (ne ; (15) 
where d, the same constant as in (14), should be obtainable by experiment. It 
should be noted, however, that two-dimensional experiments will be much more 


sensitive to the presence of walls in a laboratory tank; the rate of spread is 
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likely to be underestimated and the region swept out will appear more nearly 
wedge shaped if 2k approaches half the total width of the tank. 

The dimensional necessity for the appearance of a length in the equations 
together with F’ and K also helps us to understand why the spread in two 
dimensions is not linear with height, as it was in three dimensions. Since 
F’h/ K? is non-dimensional, all we can say using purely dimensional reasoning is 
that the radius must be some function of this group, multiplied by the initial 
radius. The nature of this functional dependence must be determined by a com- 
plete solution such as we have given; whereas in three dimensions, since F'/ K? is 
the relevant non-dimensional group and this does not involve a length, we are 
led immediately to the result that R varies linearly with h. 


3. Motion in a stably stratified fluid with constant density gradient 
3.1. Buoyant vortex rings 
Provided the analysis is restricted to the case where the extreme (potential) 
density differences over the region considered are small compared to some 
chosen reference density, say p, at the height of the source, then many of the 
relations obtained for a uniform fluid are again valid for the rise of a buoyant 
vortex ring through a stratified fluid which is at rest. We have 
ce Oe . 
P = 7p,KR?, —"o pF | 
; (16) 


and V = = 


dx cK | 
dt R° 


An additional equation, obtained in II, describes the conservation of density 
deficiency ; for a constant stable density gradient defined by G = —(g/p,) (dp/dz), 
it may be put in the form 

dF 


= —qGR 
dt qGk 


7 an 
where q is a constant which will depend on the shape of the volume moving with 
the ring. 

Some general remarks based on dimensional reasoning were made in II about 
the dependence of the final height on the initial buoyancy and circulation F, 
and K, and on G, but no solution of (16) and (17) was attempted. In I, Morton 
obtained a solution which, although it was based on slightly different reasoning 
and does not introduced K explicitly, corresponds to a particular relation 
between F, and Kj. This point will be brought out more clearly in the following, 
where we obtain the more general solution. 

In order to do this, we require an equation describing the variation of K. The 
vorticity equation in a medium of varying density becomes 


dK = [dp 
dt — -$ p’ 


where the integration is taken round a circuit containing one of the line vortices. 
Let us suppose that at any instant the fluid up the centre of the ring over a 
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depth comparable with R has been drawn from a denser level distant sR below 
the ring (where s is a constant), and that the density of the surroundings has 
not been changed by the passage of the ring. The vorticity equation then 


becomes ‘ 
Ss = = = —sR°G. (18) 
dt a 


That this is a reasonable assumption to make may be seen by referring to the 
diagrams obtained by Woodward (1959), who examined the motion inside 
thermals in detail, and her results will later be used to evaluate the constants s 
and q. (Her figures incidentally give further support to our assumption that 
external fluid is drawn up the centre, not only in vortex rings in which the 
buoyant fluid is very concentrated near a ring, but also in buoyant clouds where 
this assumption is less obviously valid.) The form of (18) also agrees with the 
solution given in I, as of course it must on purely dimensional grounds. 

Equations (16), (17) and (18) may be put into a more convenient non- 
dimensional form by making the transformations 


a\t 
Bie (7) G-tr, PF = Ff, 

qe 
> ‘a \3 2s\3 9 
“ = (=) Ra-tp, K = (—) Fhe, aii 
Py qe qe 


R = (2s)tFEG4r, x = q (20st FIGE, 


where 7, f, p, k, r and € are non-dimensional functions, and F, is the buoyancy 
at a virtual origin, to be defined later. The equations become 





p = ks*, (a)) 
dp ' 
= L 
dr f (°) 
dé ik 
7 = -= a (c) 
dt r (20) 
df ; 34 
ay © 
dk 
? ae 
— (e)' 
From (20) we see that d?p/d72 = —p; this has the solution p = p,cos7+f,sinT, 


and hence f = f,cosT—p,sinT, using (20) (0). 
If the origin of 7 is chosen in order to make p = 0 and F = F, (i.e. f = 1) 


there, we have finally , , 
. p= sin(7+7,) = sin7, ) (21) 


f = cos(T+7,) = cosT,.J 


Given f, and p,, this choice may always be made by taking a virtual origin at 
time 7, = tan-!(p,/f,) earlier than the actual origin of time. Note that this 
(non-dimensional) interval will depend, through (19), on /, P, and also the 
density gradient G. 
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Using (21), we may now obtain easily from (20) the explicit solutions 
k = [cos7, + b]}, (22) 


where 6 is a constant of integration related to k,, the value of k at the virtual 
origin, by 


k2 = (b+1); (23) 
sl } 
also , = cas ; (24) 
(cos 7, + 5)s 
£ 087, +6)3 
and as = i (25) 


dt (sin 7,)3 


The form of solution will depend on the value we assign to b, and the various 
possibilities will be discussed in turn. 


The case b = 1 

First of all we may note that 6 = 1 corresponds to the situation in which 
k = 0 when 7, = 7, i.e. when p = 0; the momentum and the circulation then 
fall to zero together. When this value of the constant is substituted in (24) and 
(25), they take the simpler form 


i= (1—cos7,)! (24a) 


dé sin T = 
and iy = a (25a) 

aT  (1—cos7;,)} 
This last equation may be integrated to give 

- ] > 

§ = 4(1—cos7,)* = 4r. (26) 
This is precisely the form of solution obtained in I up to the level where the 
velocity first vanishes, and it clearly leads to a linear increase of radius with 
distance, as is the case in uniform surroundings. (It is interesting to note, 
without giving the proof here, that the spread is also linear in an unstable linear 
density gradient, provided the same value of k, is chosen.) The variation of the 
other non-dimensional quantities with 7, is shown in figure 2. 


The caseb > 1 

Ifb > 1, implying that the initial circulation is large enough for k to be non- 
zero When p = 0, the solutions take the form shown in figure 3, which has been 
calculated for illustration with the particular value b = 1-5. It is seen that the 
distance travelled remains finite, although the velocity near the virtual origin 
and at the maximum height is infinite. This results from the fact that r decreases 
to zero soon after the buoyancy vanishes, which is shown more clearly in 
figure 5, where r is plotted against ¢. The spread below this level is again nearly 


linear. 
It is unlikely that the loss of fluid from the region moving with the ring can 
take place in an ordered, smooth manner, and in any case there is an excess of 
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vorticity in the moving region. The obvious physical prediction to be made 
from figure 3 is that above a certain level, a buoyant vortex ring in stratified 
surroundings will suddenly collapse and mix with the environment. This effect 
was in fact noted in the experiments reported in II, but it was there attributed 
(probably wrongly) to the unstable layering within the structure of the ring, 
due to the successive addition of layers of fluid of decreasing density. 
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FIGURE 3 


FIGURE 2 
FicurE 2. The non-dimensional solution for a buoyant vortex ring rising through stably 
stratified surroundings. The initial vorticity is such that the momentum and circulation 
fall to zero together, i.e. the constant b = 1. 


Figure 3. The non-dimensional solution for a buoyant vortex ring rising through stably 
stratified surroundings: b = 1-5, so that the circulation is non-zero when the momentum 


vanishes. 


Note that when b is large, the value of € reached before the ring breaks up is, 
from (25), approximately proportional to b?, so that using (27) it follows that 
the maximum height is proportional to F>*K?G-*. This agrees with the pre- 
diction made using a dimensional argument in II, and shows again that there 
van be a considerable increase in the height attained in stable surroundings by 
a mass having a given buoyancy if it is given extra vorticity (or, equivalently, 
extra momentum) when it is released. The intermittent release of smoke at a 
high velocity might be worth considering as a method of increasing the effective 
height of chimneys, particularly in the very calm, stable conditions when smog 
is most liable to form; it has been shown on the other hand (Morton 1959) that 
increasing the momentum of a continuous source under these conditions tends 


to reduce the final height slightly. 
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The case b < | 


In exactly the same way, when b = 0-5 (corresponding to the case in which 


the circulation falls to zero before the momentum does), we can obtain the ' 
solutions set out in figure 4. With this assumption, the radius starts increasing 
linearly, but becomes very large near the maximum height, as is shown in 
figure 5. The physical reality of this last solution is in some doubt, however. 
since the least circulation possible for a given buoyancy is that corresponding to I 
the “buoyant cloud’. In the next section we shall investigate this point further c 


by comparing the buoyant cloud with the condition implied by the ‘critical’ 


value of 6 = 1. 
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FicureE 4. The non-dimensional solution for a buoyant vortex ring rising through stably 
stratified surroundings: b = 0-5, and the circulation falls to zero before the momentum 
does. 
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Ficure 5. Showing the increase of radius with height for buoyant vortex rings in strati- 
fied surroundings. The spread is linear for b = 1; for b > 1 the radius decreases to zero just | 


above the level of zero buoyancy, and for b < 1 the radius becomes large at this level. 
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3.2. The meaning of the critical condition b = 1 


Using (19), equation (23) may be rewritten in the dimensional form 
2s 
(=) (b+1). (27) 


Putting 6 = 1, and using (5), the half-angle of spread corresponding to the 
critical case is seen to be 
( 

-= a (28) 
Thus, we must now make numerical estimates of the geometrical factors q and s. 
The shapes and streamlines within thermals which Woodward (1959) has 
published immediately allow us to evaluate the volume in terms of R as we have 
defined it, and hence show that q is about 13. In order to obtain a precise value 
for s, we would need to know the variation of density through the centre of the 
thermal and in its wake; but by examining Woodward’s diagrams showing the 
distortion of initially horizontal layers in a uniform ambient fluid, we can say 
that s must be about 3. 

Inserting these constants in (28) gives the value «, = 0-17. This is very close 
to the half-angle of spread for the buoyant cloud which was discussed in § 2.3, 
and it suggests that it is not possible to realize physically the solution for b < 1. 
The agreement between the two values is in fact so close that it is tempting to 
seek a physical reason why they might be identical. It is difficult, however, to 
convince oneself that there is an exact parallel between the processes of 
generation of vorticity in a cloud starting from rest in uniform surroundings and 
the destruction of vorticity as the cloud is brought to rest in a density gradient. 
It is worth remarking that dimensionally the two problems are the same, since 
the density gradient does not enter into the condition specifying the critical 
value of b except through the (small) differences between the values of K and F 
at the real and virtual sources. This is not so for the pair vortex, as will be 
shown in the next section. 


3.3. Buoyant vortex pairs 


The development of the theory for a vortex pair will proceed in a parallel 
form to that given above for vortex rings, and with the same assumptions 
except of course for the obvious modifications necessary in two dimensions. 
For conciseness we will proceed directly to the non-dimensional set of equations 
in the variables 7, f’, p’, k, r and £ which are related to the physical variables by 


‘Sm\ 4 1 , ) 
- Gif, #£ = FoF’, 
(7 ) T oi 
oY /Qa\ 4 /Rrr\4 (39’\4 _. > 29 
P' - (= F.Gy’, K= | | (=) F'3G-4k, — 
Pi ee q 8 


R = (38) 3F3G-4r, x = (38')8 (7) FSG4E. 7? 
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Here q’ and s’ are new constants corresponding to q and s for the vortex ring. 
The governing equations become 


i. Sw S88 

yom Gar, $-5| os 
df = —7 dg 3 dk Sa | | 
dr dr’ 2dr - 


The solution for p’ and f’ may be obtained in a form similar to that for the 
vortex ring 
p’ = sin(r+7,) = sin7,, f’ = cos(7T+T7,) = cost, (31) 
where the virtual origin of 7 has been chosen at a time 7,, = tan~! (p9/fo) earlier 
than the actual origin, in order to make p’ = 0 when f’ = 1. This time will 
again depend on G as well as on F, and P,. 
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FicureE 6. The non-dimensional solution for a buoyant vortex pair in a stably stratified 
fluid: k2 = 7, so that the circulation and niomentum fall to zero together. 


Using (31) in (30), & may now be expressed as 
k = (sin7, cost, —7, +3), (32) 
where k, is the value of & at the virtual origin. Also 
sin 7, 
ee i (33) 
(sin 7, cost, — 7, +k)! 
d& = (sin7, cost, — 7, + k3)3 


and rae sing, . (34) 


It is again convenient to distinguish a ‘critical’ case, such that k = 0 when 
p = 0, or when 7, = 7. This occurs when k} = 7; and the solution with this 
value of the constant is shown in figure 6. The integration of (34), which has 
been carried out numerically, must be started at an arbitrary value of 7,, since 


the virtual origin is at § = —oo (as it is for a pair vortex in a uniform ambient 
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fluid). The pair, however, comes to rest at a finite height above the real origin, 
with a finite radius, as is shown more clearly in figure 9. 

As examples of the other forms of solution possible, we have taken the cases 
k3 = 4 and k3 = 2. When k3 > 7, and there is excess vorticity in the pair, the 


solution (figure 7) indicates that the radius begins to decrease soon after the 
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FiGuRE 7. The non-dimensional solution for a buoyant vortex pair 
in a stably stratified fluid: k& = 4. 
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FiGuRE 8. The non-dimensional solution for a buoyant vortex pair 
in a stably stratified fluid: k8 = 2. 


buoyancy vanishes; the velocity and distance travelled become infinite (in 
contrast to the corresponding vortex ring solution which gave zero radius at a 
finite height). Again we would suggest that physically this implies that such 
a buoyant pair would become unstable and suddenly mix with its surroundings 
at a certain height. 

When &? is less than the critical value 7, the radius becomes large at a finite 
height (figure 8). The different forms of the relation between radius and height 
are again shown in figure 9. 

It should be noted that there is an important difference between the ‘critical’ 
conditions for vortex rings and vortex pairs. We saw in the last section that it is 





J. S. Turner 


meaningful to look for at least a numerical relation between the conditions 
in a buoyant cloud and the critical state, since these both depend only on K, 
and F, which will be little different from K, and F,. For the pair vortex, how- 
ever, the distribution of vorticity established through the action of buoyancy 
forces depends also on a length scale (equation (14)), whereas the critical condi- 
tion depends explicitly on the density gradient in the surroundings (equation (29)), 
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FiaureE 9. The increase of radius of buoyant vortex pairs in stably stratified surroundings 
as a function of height, starting from the height corresponding to 7, = 0-5. When k? = 7, 
the pair comes to rest at a finite height and radius; when k3 > 7, the radius decreases soon 
after the buoyancy vanishes, but only becomes zero at an infinite height; and when 
k3 < m, the radius becomes infinite near the level of zero buoyancy. 


Even if experiments were available to allow us to evaluate q’ and s’ (and none 
have so far been reported), the size and the density gradient would have to be 
known before the appropriate solution could be applied. It seems possible in 
this case that all three types of solution may correspond to physical reality 


under some atmospheric and initial conditions. 
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Figure 1 (plate 1). Photograph showing a plan view of a bent-over, buoyant plume. 
Note how it splits sideways into two line vortices, which spread nearly linearly with 
distance, The photograph was taken through the larger face of a 10 em x5 em water 
channel; the bolt heads are spaced at 20cm intervals. The water velocity was about 
3 em sec, and the rate of release of buoyant fluid through a 1-5 mm tube was adjusted so 
that the plume bent over near the centre of the channel. 
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The stability of free boundary layers between 
two uniform streams 


By T. TATSUMI AND K. GOTOH 


Department of Physics, Faculty of Science, University of Kyoto, Japan 
(Received 3 July 1959) 


Hydrodynamic stability of free boundary-layer flows is treated in general. It is 
found that the situations at low Reynolds numbers are universal for all velocity 
profiles of free boundary-layer type. Curves of constant amplification are calcu- 
lated as far as O( R*). In particular, the asymptotic form of the neutral curves for 
R = Ois found to be a = R/(4,/3), so that the critical Reynolds numbers of these 
flows are identically zero. The phase velocity of the disturbance is also found to be 
zero, for all disturbances, up to the second approximation. 

A method of normalizing the velocity profiles is suggested, and existing results 
for the stability of various profiles at large Reynolds numbers are discussed from 
a new point of view. 


1. Introduction 

It has recently become recognized that the problem of hydrodynamic stability 
for unbounded laminar flows is considerably different from that for bounded 
flows. For instance, it has been found that a plane laminar jet in an infinite fluid 
is highly unstable, and its critical Reynolds number is about 4 (Tatsumi & 
Kakutani 1958; Howard 1959) in contrast with the value 420 for the boundary 
layer along a flat plate and 6000 for plane Poiseuille flow. The mathematical 
behaviour of the eigen-solutions in the neighbourhood of the critical Reynolds 
number is also quite different for unbounded and bounded flows. In the latter, 
the solutions are sensitive to the second spatial derivative of the velocity profile, 
while in the former they may be expressed in terms of definite integrals of the 
profile, and so are largely independent of its detailed structure. 

This difference seems to be particularly marked in the case of free boundary- 
layer flows between two uniform streams, since, according to Esch (1957), a simple 
piecewise linear profile of free boundary-layer type has zero critical Reynolds 
number, which means that the flow is always unstable. The stability of a realistic 
velocity profile of free boundary-layer type was first investigated by Lessen 
(1950). However, since he employed a method of analysis which is effective only 
for large Reynolds numbers, no result was given for the critical Reynolds number, 
which was supposed to be very low. Even in the region of large Reynolds number 
which was covered by the analyses of both Lessen and Esch, the behaviour of the 
respective curves of neutral stability is not identical. According to Lessen’s 
result, the range of the wave-number a corresponding to instability decreases 
monotonically with decreasing Reynolds number R. On the other hand, Esch’s 
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neutral curve of «(#) shows a curious kink at about R = 10 giving there a 
widest wave-number range of instability. This result clearly contradicts the 
general belief regarding the stability of unbounded flows that viscosity always 
acts on the disturbance as a stabilizing factor. 

In order to clarify these points, we attempt in this paper to discuss the stability 
of free boundary-layer flows in general, that is, assuming no particular form of the 
velocity profile. The mathematical method employed here is the same as that 
developed by Tatsumi & Kakutani for treating a plane laminar jet at low 
Reynolds numbers (Tatsumi & Kakutani 1958; this paper will be referred to 
hereafter as I). 

The asymptotic behaviour of the neutral curve and the distribution of the 
amplification factor in the («, R)-plane are obtained for small values of « and R, 
and they are found to be universal for all flows of this type, if the profiles are 
normalized with respect to some appropriate characteristic length. Among the 
universal properties of free boundary-layer flows at small Reynolds numbers, the 
following two may be noted: (i) the critical Reynolds numbers of these flows are 
zero, and (ii) the phase velocities of all disturbances are identically zero. 

If the velocity profiles are normalized so as to make their stability properties at 
low Reynolds numbers universal, they generally show different behaviour for 
larger Reynolds numbers. The above-mentioned difference between the high-R 
branches of Lessen’s and Esch’s neutral curves is therefore easily accountable 
from this point of view. It may be concluded in general that we cannot use a 
rough approximation to a velocity profile for investigating its stability at larger 
Xeynolds numbers. 


2. Formulation of the problem 

Let U(y) be the velocity profile of a steady plane parallel flow, taking the 
x-axis of Cartesian co-ordinates along the direction of the flow. In stability 
problems of plane flow, Squire’s theorem (1933) guarantees that we need only 
consider two-dimensional disturbances, provided they are smaller in order of 
magnitude than the velocity of the undisturbed flow. 

Two-dimensional disturbance velocities (w, v) may be expressed in terms of the 
stream function 7/(x, y, t) as 
ow 


u=z-, V=- >. (2.1) 
cy Cx 


In particular, we consider here a harmonic component 
i aa ‘a , . ’ 9 
iy = Ply) exp {ia(x —ct)}, (2.2) 


where « (> 0) represents the wave-number in the x-direction, A(c) = c, the phase 
velocity, and «¥%(c) = ac; the amplification factor of the disturbance. According 
as c; takes positive, zero or negative values, we have an amplified, neutral or 
damped disturbance respectively. 

Substituting (2.1) and (2.2) into the equations of motion and neglecting the 
non-linear terms with respect to d, we obtain the Orr-Sommerfeld equation 


dv — 2976" + ad = iaR{(U —c) (6" — a2) — U9}, (2.3) 
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where dashes denote the differentiation with respect to y, and all quantities are 
made non-dimensional using the characteristic velocity U, scale 1, and Reynolds 
number R = Ujl/v. In the following, Up is so chosen as to make 


U(o)=1, U(-—ow)=-1, (2.4) 


and / will be specified later. 
Now we divide the whole space into two regions (1) where y > 0, and (II) where 
y < 0, and define U;(y) (j = I, IL) by 


U(y) = U(y)—U(a@) = U(y)-1,) 


, ‘ . ; (2.5) 
Uy(y) = Uly)— U(—2) = Uy) +1J 
Then equation (2.3) may be written, for the regions I and II, as 
(D? — x?) (D? — £5) db = iaR{U,(D*? — a?) — U5} ¢, (2.6) 


where 
Dz=djdy, Pi =e-iaR(c-1), Pi = o?-iaR(c+1), A(f;) > 0. 


In the region (I), U; and Uj; on the right-hand side of equation (2.6) decrease 
with increasing y, and in the region (II) the same is true for U,;,; and Uj, with 
increasing — y. Thus, the premises for expanding the solution ¢ in power series 
of aR, which was explored in $5 of I, are satisfied in each region separately, and we 
can express ¢; in the form 


O(y) = DX (iak)" My; a, B;), (2.7) 


n=0 
where the ¢,’s are the solutions of the following equations: 


(D? — x?) (D? — £2) ¢ 


3(9) = 0, | 
(D? — 22) (D* — £3) 45 


cs {U;(D? — a?) — U5} gy) (n > 1).J 


The uniform convergence of the series (2.7) can be easily verified, by extending 
the proof given in §5 of I, for those velocity profiles in which U; and U,; tend to 
zero as, or more rapidly than, e+” for y > +00 respectively, and provided that 
a<m, #(f;) < m. The above conditions for U(y) are usually satisfied if the 
boundary-layer approximation is valid for the basic flow. For, in that case, the 
stream function, denoted by f, must satisfy 


| 2f" +i" = 0, 
and asymptotically 


] , 3. ; 
U(y) = f'(y) c-e-™* + const., or e*"”+const., 
y 


according as f’( +00)[= U(+00)] + 0 or f’( +0) [= U(+)] = 0 respectively. 
The boundary condition for the disturbance is that the component velocities 
must vanish at y = +, that is, 


$'( +00) = af( +00) = 0. (2.9) 
28-2 
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3. Equation for eigenvalues 
Equations (2.8) permit four independent solutions for each ¢;, but two of them 
must always be rejected by the condition (2.9). Thus we have the solutions 


1 =QOntC.dy2 for y> 0,) (3.1) 
un =C3m+Con2 for y< 0,) 


where the C’s are numerical constants, and ¢,,(j =I, II; k = 1, 2) are given by 


@o 


Pj, = LY (taR)” AV (y; x, B;), (3.2) 
n=0 
with Pf} =e", PQ=eAy, JM, =e, PY. = cin, (3.3) 
and 
] y 2 we 
WD = —— le «{" YewDsagg-Pdyrer |” GeuD—a) oP dy 
a" — fp; ct eee ae 
ae / a? + p? Pe a2+ 62 
—e |" Ujetv (D+F) dip-ndy—eb |" terse (D-= FF) gu mdy 
ve te 2p; J +a 26; 





(3.4) 
Gai, &£=<1,2, «> 2), 
where +00 in the integrals must be taken as +00 and —oo for j =I and II 
respectively. 
In order to obtain the complete solution ¢ of (2.3) throughout —00 < y < ©, 
we have to connect ¢, and ¢,,; analytically at y = 0. This is done by putting 


$1(0) = $1,(0),  1(0) = ime 
$1(0) = d11(9), Pr (0) = orx(0), 
equality of all other higher derivatives being then automatically satisfied through 


these conditions and equation (2.3). Substituting (3.1) into (3.5), we have the 
following condition for all C’s not to vanish: 


(3.5) 


$119) Pro) Dyz1(0)  Pyz2() 
6;,(0) to(0) t73(0) itz0(0) | 
E= Prat ) Prat ) ren ) Paral yy _ 0. (3.6) 
11(9)  Py2(0)  Pyr1(9)  Pyr2(0) 
$11(0) P20) Pir1(0)  Pft2(0) 


This equation gives a relationship between eigenvalues of «, R and c. For real 
values of c it defines ~ as a function of R, which may be shown graphically in the 
(x, R)-plane as the neutral curve. 


4. Eigenvalue problem for small « and ? 
Equation (3.6), with (3.2), (3.3) and (3.4) substituted, can be expanded into 
powers of ix P as follows: 


x x 0 20 
E=¥ ZT DV (akg =o, (4.1) 
m=0n=0 p=0q=0 
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where 
IY? — J¥? Ivy -—J® I  — JP, 
AN aM — ANE a MiB ~ BNR 
ome) BDI ADI (2 Fi) JR — 2a — J) 
By(x?— Pi) NYP = By(a? — Bi) NY? fala — fe) NY, + 2ixRlaM'R) — Bn ») 
Ia J 
aM, — BN 
, 112 —~PrV ye | (4.2) 
(a? — Biz) J Po — 2iaR(TPo — J 442) 
By (a? 2 Bir) ie 
with If = 1, IM9=0, JP@=0, JQ= -1, 
a j ve vi ; he j \ (4.3) 
MY =(-1), MY=0, N®=0, NY =(-1)+1,) 
and 
to, 
I) = =— sft J;(y) {cosh (ay) D + x sinh (ay)} AY? (y) dy, 
fj —o 0 
J ga i +B; \ aint 
J) = rae U;(y) \cosh (f; y) D+ 2 ~ sinh (£;y¥)) AG ?(y) dy, 
fj — 0 \ 2p; sais 
a ea . (4.4) 
MY) = =—; U;(y) {sinh (ay) D + a cosh (ay)} d%-?(y) dy, 
fi —x Jo , 
' ~2 [**,., 4. a2 + BF 
NY = =—, [ U;(y) \sinh (2;y) D+ —5,~ cosh (f;y ) ose N(y)dy (n> 1). 
fj —a Jo —s 26; 


In principle we can calculate a(R, c) for any value of R by solving equation (4.1), 
so far as the conditions a < m, A{f;} < m (j = 1,11) are satisfied. In practice 
however, the computation becomes laborious for large R, for then we have to take 
more and more terms in order to obtain accurate solutions. Here we shall 
restrict ourselves to the study of equation (4.1) in the region of small « and R. 


Then, expanding E£,,,,,, again into powers of « and f;, and retaining only first few 


terms, we obtain the following equation for eigenvalues: 


E = {1+4(2;—By) Vi—Vir) + (4 — Pn)? (Yi — ix) 
x {2a(a—f;) (Ay —a) (4, +fy)} F = 0, (4.5) 
with § F ={f{+ fi —fy Pu +A +h) +2} 
—4(8, — By)? Fi + Fin — PrP t+ a(21 +h) + 2} 
+ (By + Ay) (21+ Ar — 2&)) (Wi — Wa + 4, — Viq)?) + O(*, £3), 


oO ; sat (4.6) 
Vi = | U;, dy, Vig = | Uj, dy, 
0 


e 





W, -| yU,dy, Wy = is yy dy, 
0 0 


where use is made of the relationship £7 — fi; = 2iaR. 
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The first factor of the right-hand side of (4.5) comes from arbitrariness in the 
choice of the origin of y, and does not affect the eigenvalue problem. In fact, 
if we choose y = 0 so as to make V, = V,,, this factor becomes unity. The second 
factor, put equal to zero, gives only a trivial solution: R = 0 and « = 0. Thus 
the true eigenvalue equation must be 


F=0, (4.7) 
in which it is confirmed, as a matter of course, that the factor 
[W, — Wry + 2 — Vix)? 


is independent of the choice of the origin of y. 




















Figure 1. Distribution of c,; for small a and R. 


As the first approximation, we take the equation 
Bit+Piu—-PyPut+ (2, + Py) +e = 0, (4.8) 


the solution of which is given, under the conditions a > 0, aR > 0, AP ;} > 0 


(j = 1, I), by iets 


A(, 3— ¢;) 


C=. 


R, | (4.9) 


From (4.9) we obtain the distribution of the amplification factor c; over the 
(x, R)-plane as shown in figure 1. Putting c; = 0 in (4.9), we have the asymptotic 
neutral curve for small R 

4=—- (4.10) 


which agrees with the result obtained by Esch (1957) for a piecewise linear profile. 
It should be noted that the results (4.9) and (4.10) apply universally to all velocity 
profiles of the free boundary-layer type, that is, those profiles in which U(oo) and 
U(— o) have a finite difference. 
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The second-approximate solution of (4.7) may be obtained by perturbation of 
the first approximation as 


(1-/3e,)* p(, _(1—3e#) (7—2/3¢; +¢2) 


(W, — Wy) R2+ O.R®)| ] 


~ 4(/3—c,) ~ | 4,/3(./3 —¢,)3 (4.11) 
c, = 0. | 
Thus, for the neutral curve, 
R —or 
— z,J3\t — vel — Wax) B+ OCF). (4.12) 


5. Discussion 
It may be seen from (4.11) that the velocity profile U(y) enters the problem 
only through the factor W,—W,;. As we have left the characteristic length / un- 
specified, we have now the liberty of choosing / so as to make 
Wy—-W, = 1. (5.1) 








Lessen 











Ficure 2. Curve of constant c;. Numbers attached to the curves denote values of ¢;. 


With this choice of the characteristic length, the asymptotic behaviour of the 
curves of constant c; becomes universal up to O(R). These curves (including the 
neutral curve) calculated from (4.11) and (4.12) are shown in figure 2. 

Figure 2 also shows the results obtained by Lessen (1950) and Esch (1957) for 
the asymptotic branch of the neutral curve at higher Reynolds numbers, their 
velocity profiles being normalized as to satisfy the condition (5.1). As is clearly 
seen from figure 2, the solutions cease to be universal for Reynolds numbers which 
are not small, and the neutral curves have different limiting values of wave- 
number, a, say, for infinite Reynolds number. It is of course possible to choose 
1 so as to make the high Reynolds number branches of any two neutral curves 
coincide, but then the situation at small Reynolds numbers is no longer unique. 
Since the condition (5.1) gives an absolute rule for determining / which is valid not 
only for a given pair of profiles but also for all possible profiles of free boundary- 
layer type, it seems most meaningful to adopt this condition for normalizing the 


velocity profiles. 





440 T. Tatsumi and K. Gotoh 


As the neutral curves of Lessen’s and Esch’s profiles show a common feature 
that « does not change appreciably with R for larger values of R, the same trend 
may be expected to hold for other profiles, and high Reynolds number branches 
of their neutral curves may be well approximated by « = const. = «,. Thus it may 
be concluded that if we want to investigate the stability problem of a free 
boundary-layer flow using some approximate velocity profile, the profile must 
be such that it gives a, close to that of the exact profile. The limiting wave- 
number «, has been calculated for a number of typical velocity profiles, and its 
numerical values are tabulated in table 1 and marked in figure 2. It may be seen 
from table 1 that the profile U(y) = tanh ky gives the closest approximation to 
Lessen’s profile which was obtained by solving the boundary-layer equation 


numerically. 
Antisymmetric profile a, 

; fO<ky<1,U = ky; 0: 

. \1 < ky, U = 1;k = 13 O87 
(° < Zky < 1570 = ky: 

B 41 < 2ky < 3, U = (2ky+1)/4; 0-58 
13 < Qky, U =1;k = 7/4 

Co U = 2erfky—1,k = 1/,/2 0-71 

D U = tanh ky, k = 1/2J/3 0-91 

Asymmetric profile 
E Numerical solution (Lessen) 0-90 


TABLE 1 


Equation (4.11) also shows that the relation c, = 0 holds up to the second 
approximation. In a general co-ordinate system which is free from the condition 
(2.4), this relation may be expressed as 


¢, = HU (eo) + U(-xo)}. (5.2) 


It is unlikely, however, that (5.2) is universally valid for all Reynolds numbers 
and profiles, and if not it must fail to be satisfied at some higher stage of approxi- 
mation. If the velocity profile is antisymmetric with respect to y, c, = 0 follows 
from the uniqueness of ¢ for given a and R. Since U(—y) = —U(y) for this 
profile, we have, replacing y by — y in the Orr-Sommerfeld equation (2.3), 


p'\(—y) — 2a°6"(—y) + a49(—y) 
= —1aR{(U +c) {p"(—y)—2(—y)}-U"P(—-y)]. (5.3) 


If we put x(y) = 4(—y), the equation for y(y) is written, taking the complex 
conjugate of (5.3), as 


XIV — 2002y" + aty = iaR{(U +¢) (x” —a2x) —U" x}. (5.4) 


Equation (5.4) for y(y) is identical with equation (2.3) for d(y), and therefore if 
the latter has a unique solution for given « and R, the eigen-solutions y and ¢ 
must be equal, and so are the eigenvalues c and —¢, thus giving that c, = 0. But 
so far nothing is known about the uniqueness of this eigenvalue problem. 
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One of the essential weaknesses in applying the usual procedure of hydro- 
dynamic stability theory to low Reynolds number flows seems to lie in its funda- 
mental assumption that the undisturbed flow is, at least approximately, parallel. 
This assumption is generally satisfied when Reynolds number of the flow is 
sufficiently large, but it becomes difficult at small Reynolds numbers to maintain 
parallel flows unless some body force is applied from outside. Therefore, without 
such external forces, the results obtained by treating the flows as essentially 
parallel become unrealistic for small Reynolds numbers, and they should only be 
accepted with these reservations in mind. 


The authors wish to express their cordial thanks to Prof. S. Tomotika for his 
interest to this work. During the course of this work the authors have been in 
receipt of a grant-in-aid for fundamental scientific research from the Ministry of 
Education of Japan. 
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1. Introduction 


The hot-wire anemometer, used for recording speed variations in turbulent 
flow, involves in its working principle the unsteady heat transfer from a hot fixed 
surface to a fluctuating air stream moving past the surface. If the wire is main- 
tained at a constant (high) temperature, the rate of loss of heat from the wire 
changes with the velocity of the incident stream, and the compensating rate of 
gain of heat, produced by the Joule heating effect of the electric current, changes 
correspondingly. The accompanying change of current can be measured, and used 
to calculate the varying velocity of the air stream. The hot wire may have a 
diameter as low as 10~4in. and the Reynolds number of the flow is then of the 
order of 0-05 for each ft. per sec of velocity. With low velocities, of the order of 
10 or 20 ft./sec, the flow past the wire is in the range of small Reynolds number, 
and the exact equations of flow may be approximated by simpler equations in the 
manner of Oseen’s theory (Lamb 1932). The approximate equations are not easy 
to solve when the flow is compressible, as it will be in the presence of the large 
temperature differences imposed by the heat of the wire. If, however, the tem- 
perature differences are assumed to be small, the approximate energy equation is 
no longer linked with the equations of continuity and momentum, and it may be 
solved without knowledge of the velocity field. The purpose of this note is to 
give the solution for the temperature field when a warm circular cylinder or a 
warm sphere is held at rest in a fluctuating stream. 


2. The temperature equation 


The energy equation from which we start may be written as 


p = (c,, 7) = div (A grad 7), (1) 
nh? 
where ¢ is the time, p the density, 7’ the temperature, c, the specific heat at 
constant pressure, and A the thermal conductivity. This equation differs from 
the exact energy equation, for a compressible fluid, in the omission of the rate of 
working of the pressure forces and the rate of heat production through the action 
of viscosity. The weights of these omitted terms are in the ratio M/?: (y— 1) com- 
pared with the terms retained, where M is the Mach number of the free stream 
and y is 7,,/T7.,, the ratio of the temperatures of the obstacle and the free stream. 
In quoting (1) we have assumed that Md? < (y—1), and we now go further and 
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assume also that y—1 < 1 so that temperature differences in the flow are small. 
This allows us to neglect density variations and to regard A as a constant, so that 
(1) becomes pr 

—— = KV?T', 2 

ae (2) 

where x is the thermometric conductivity. If the stream is slow moving, (2) can 
be replaced by the Oseen-type equation 

(S+0 CT = KVP 3 

oe (3) 


in which U, is the velocity of the free stream and z is the Cartesian co-ordinate in 
the direction of U,,. In this equation, the convection term v.grad 7' from (2) has 
been replaced by its form at infinity; if it is omitted altogether, on the grounds 
that v and grad 7 are both small, the Stokes-type equation 


as KV*T (4) 


is obtained, but this yields a solution for a circular cylinder that cannot satisfy the 


boundary condition at infinity. 
We may notice at this point that if we introduce non-dimensional variables 


i=wt, = Pzil, (5) 


in which w is a representative frequency in the fluctuating motion, / is a repre- 
sentative length, and P is the Péclet number Ul/x, where U is a representative 
velocity, then (3) becomes 

wk OT U,,0T 

wat og (6) 
This shows that (3) stands as the appropriate form of the energy equation pro- 
vided wx/U? is O(1), but that if is very small the term 07'/0t can be omitted (the 
quasi-steady case), and if w is very large the term U,, 07'/¢x is negligible so that the 
equation reduces to Stokes’s form. If we denote the Reynolds number Ul/v by R, 
and the Prandtl number by oa, the Péclet number P is oR. For air, with o = 0-72, 
smallness of the Reynolds number implies smallness of the Péclet number, but, 
as (5) and (6) indicate, it is the Péclet number and not the Reynolds number which 
is the fundamental parameter in this problem. 

We shall now assume that the free stream is fluctuating in simple harmonic 

motion about a mean value U with asmall amplitude and an angular frequency w, 


so that U,, = U(1+eci), (7) 
where ¢ < 1. If the temperature is expressed in terms of a function f by the 
relation T =T,[1+(x-l)f], (8) 
equation (3) becomes a U(1+ee™) 2 = KV, (9) 


and f must satisfy the boundary conditions: f = i on the obstacle, f > 0 at infinity. 
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It is appropriate to write 


where f,, /, satisfy (v?—- 2k =<) fo = 0, (11) 
| 2 9). a] _w as ee of ¢ 
(Vv — 2 Or ® )f —- Oa’ 2) 


/ 


in which k = U/2k. Finally, with the substitutions 


fo = ekg, f= e*9,, 


equations (11) and (12) reduce to 


(V? — k?) gy = 0, (13) 
[V2 —(k? + iw/x)] 9, = 2k( we + kgo] ; 38) 
\ Cx / 
with the boundary conditions: 
Jo = e-**, g,=9, onthe obstacle, (15) 
Jo > 9, Gg, 0, at infinity. (16) 


3. Circular cylinder 
In plane polar co-ordinates r, 7, the appropriate solution of (13) is 


@ 
Jo= dX 4nK,,(8) cos mb, (17) 


m=0 


m 


where the a,, are constants to be determined, K,,, is a Bessel function in the usual 
notation (Watson 1944) and s = kr. The function g, must be a single-valued even 
function of # that vanishes for large r. From the boundary condition (15), 


8 


DS Om K m(89) COS MO = e-800089, (18) 
m=0 


where s, = ka, and a is the radius of the cylinder; and since 


@ 


e-scos? — J(s)+2 ¥ (—1)"J,,(s) cos mA, 
m=0 
I(89)/ K (So) m= 0), 
it follows that t. =  Sellehtias = ( (19) 
2 ae 1)” Ln(8o)/K m(8o) (m 2 1). 
Equation (14) in polar co-ordinates is 
2 ~2}2 : 0g) sind 0g, 
V2— ak?) g, = 2k?| cos 9 20 — == 
( we) eos Os s 06 + Io 
= 2k? » A,,K,,(s) cos m0, (20) 
m=0 
: 0 
Fracs K (89) alii | 
where A, = + - (21) 
2(— 1)™+1 K* (85) a 
; ; > m > 1). 
Sok m _1(89) K m(So) K m+ 1(Sq) 
vw 4th 
Also a® = | +e = ] +> ‘ (22) 


f=foreemf,, (10) | 
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in which h is the frequency parameter wl/U; in the present case, 1 = 2a. The 
required solution of (20), vanishing at s = s, and s = 00, is 


iP = tua. 
== ¥ AIK (9)— "OK sm0. 23 
91 2h Pash m | m(8) K m(28p) n(c)| cos m ( ) 
Since e§ C084 Gog me = Tn(8) a Pe n—n(8) Ss i en(8)] cos 0, 
n=1 
we obtain fo= XS S GnK'mn(8, 8) 008 28, (24) 
m=0 n=0 
K,, (8) Lay n=0 
where Ff. ”) = | rate rf ”) ( ) (25) 
LKn(€) Un—n(™) + Inin)] (m2 2), 
_ iP 2 @ K,,.() 
and =— DY D Ay| Fan(8.8) — pe Fan(s, 8)| cos n8. (26 
fi 2h m=0 2 E: : n( K m(&S8q) ) ; ) 


This completes the required solution for the temperature distribution. 
It remains to determine the fluctuating heat transfer from the cylinder to the 
stream. The total heat flux per unit length from the cylinder is 


Q= =| "A() adé, 
0 


Or | r=a 


and the corresponding Nusselt number, defined as 


"— Q 
4 2nalA(T,, —T,,)/2a]’ 
ka [27 (c 
is given by C,=- a (2) do. 
T™ Jo \C8/s=s 
It follows that C, = Co teeCy, (27) 
where Cro _ >| Iy(80) a 2 > ( es 1)” ae : (28) 
K o(So) m=1 Kk m(So) 


;P2 ar aK’ (as 
and C — _u ; K ak! o) Po (29) 


: > ey. Ela (s ae 
ql 4h An K al o) rf 0) F (So) K,,(&8p) 


These expressions are, however, in a more general form than the Oseen approxi- 
mation warrants, for the approximation is only valid if P, which is equal to 4s8,, 
is small. Accordingly, we replace the Bessel functions by their series expansions 
for small values of the argument. If we write 

2 


f= and L(f) = [In(f-')-y]-. (30) 


re 


where y is Euler’s constant, we obtain from (21) 
A, = L(f)+[2-L(f)] 22+ O0(P*), 
A, = —L(P)-|4-L7(/)] fh? + O(/'), 
A, = 2f?+0(f4), 
A, = QF") for «>. 
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It follows from (28) and (29), when terms O(/*) are neglected, that 


Cy = 2{L(p)—[4 + L(A) 5%}, ml 
, _ 8B 272/43) — L2 
C,=1 h L(A) — (af) + | a? L?(ap) — £?( 2) 


22 L(£) - — th (L(ap) + ) pr ; (32) 
L(ap) L(p)} £p } 
In quoting these formulae we must remember that they would be modified if the 
second approximation to the convection term v.grad 7’ in (2) were used instead 
of the first approximation U,,(¢/0x) shown in (3). To introduce the second approxi- 
mation would require the calculation of the fluctuating velocity field according to 
Oseen’s equations. Recent work improving the Oseen theory for the velocity 
field in steady flow past a circular cylinder (Kaplun 1957) suggests that the 


B(= 4P) 0-01 0:02 0-04 0:06 0-08 0-10 
OF 0-123 0-180 0-287 0-400 0-527 0-672 
Bp 0-12 0-14 0-16 0-18 0-20 - 
OF, 0-840 1-037 1-269 1-545 1:877 


TABLE 1 


th/P 0-1 0-2 0-4 0-6 0-8 1-0 

¥ p m é m 8 m é m 6 m 6° m é 

0-01 0-998 2-15 0-994 4-27 0-977 831 0-952 11-97 0-923 15-20 0-892 18-00 
0-02 0-999 2-00 0-994 3-97 0-978 7-73 0-955 11-14 0-928 14:13 0-899 16-74 
0-04 0-999 1-78 0-995 3-53 0-980 6:86 0-959 9-87 0-934 12:50 0-907 14:77 
0-06 0-999 1:58 0-995 3:14 0-982 6-09 0-962 8-75 0-939 11:06 0-914 13-03 
0-08 0-999 1-39 0-996 2-76 0-983 5:38 0-965 7-67 0-943 9-66 0-920 11-33 
0-10 0-999 1-20 0-996 2-38 0-984 4-61 0-967 657 0-947 824 0925 9-62 
0-12 0-999 1-01 0-996 1:99 0-985 3-84 0-969 5-44 0-950 6-76 0-950 7-81 
0-14 0-999 0-86 0-996 1-58 0-986 3-02 0-971 4:24 0-953 5:20 0-933 5-90 
0-16 0-999 058 0-996 1-14 0-987 2-16 0-972 2:97 0-955 3-53 0-958 3-86 
0-18 0-999 0-34 0-997 0-67 0-987 1-23 0-975 1:59 0-956 1-73 0-938 1-65 
0-20 0-999 0-09 0-997 0-16 0-987 0-21 0-974 0-09 0-957 —0:24 0-938 —0-76 


It will be noted that there is a phase lag of the heat transfer behind the velocity fluctuation, 
except at the two highest frequencies (in the last two columns) for the highest Péclet number 


quoted, for which there is a phase advance. 


TABLE 2 


leading term, 2(f), in Cj, would be modified, although only slightly for small 
values of /, in the next approximation. The effect on the terms in /? is likely to 
be considerable, so we shall confine attention here to the leading terms in the 
expressions for C,) and C,,. Actually the term involving /? in (31) is only about 
7% of the leading term for a Reynolds number of | in air (f = 0-09), and it 
is an even smaller fraction for smaller Reynolds numbers. It is therefore certainly 
permissible to concentrate on the leading terms. 
It will be convenient to introduce the quasi-steady value of the expression 


+ Pepe 
Cn =1 h [L(P) — L(«f)], 


| 








31) 
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obtained by letting the frequency tend to zero (h > 0 and a > 1). This is given by 


Ci a = 21(f), (33) 
and we shall then write 
Cn ail 48 L(f) = L(«f) a 


ee - me, 34 
O* hk DXB) (34) 


where m is the magnification factor and é the phase lag of the fluctuating com- 
ponent of the heat transfer compared with its quasi-steady value. Values of 
Cy, for a range of Péclet numbers are given in Table 1, and the values of m amd 6 
for various frequencies and for the same range of Péclet numbers are given in 
Table 2. 


4. Sphere 


Although it is not relevant to the hot-wire anemometer, the corresponding 
problem of fluctuating heat transfer from a warm sphere will now be briefly 
considered. With spherical polar co-ordinates r,@,A, there is no dependence on 
the azimuthal angle A because of axial symmetry, and the required solution of (13) 
may be written as co 

Jo= X 4mXm(8) Fn (cos 9), (35) 


m=0 
where the a,, are constants to be determined, 
, ne IDo\s iv 7 26 
Xm(8) ‘it (2m + 1) (77 28)4 K,,.4(8), (36) 
and P,, denotes the Legrendre polynomial of degree m. Since 


@ 
e-scos9 — S$) (—1)™(2m+ 1) (a/28)4 J, , 
m=0 


s(8) P,(cos 0), 


the boundary condition corresponding to (18) gives 


En + 3(8o) 


an = (=i}-*; . (37) 
King 3(8p) 
The equation corresponding to (20) is 
(V2 - a2?) gj, = 2k? z A m Xml) P,, (cos 0), (38) 
m 


where 
rr E. +4 (s ) 
A, = = 1m | yea (0) + a a 


=So 


| [Sq K,, 3(So) A, 3(8o) Kins 3(80) ,, 


The required solution of (38), vanishing at the surface of the sphere and at 
infinity, is 


tP = xX (So) ‘ 
fyi = Dh »» A,, ans) — a (8) P,,(cos Q). (39) 
Since e§c0s9 P (cos@) = » €nn(8) P,, (cos 8), 
n=0 


where 
eo GNiGaa ee aay | (m+n—r)! | 
( )! 


my (r!)? (2m + 2n—2r4+1)! |(m—r)!(n—r 


x (2m + 2n— 47 + 1) (77/23)8 Ds nop +4(8): 
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it follows that : ae gee . 
fo ss a x An Fn(8; 8) P,(cos A), 
m Un= 
where Fn nlé, 1) = Xm(5) Cmn(4)), (40) 
iP od ad Z Xml 3 ) . 
and Ii rs Dh , I A m | Fn(s 8) = Y,, me Frinlas, 8) P,,(cos 0). (41) 


The heat flux from the surface of the sphere is 
On or 
caf ae 

J0 


er 
and the Nusselt number, defined as 
Os Y 
q 4na{A(T,,— T,,)/2a]’ 


) 27a? sin 6 dé 
r=a 


- 7 (af) 
is given by C, = —ka | (: 7) d(cos@). 
1 \CS/s 8o 
4h/P 0-1 0-2 0-4 0-6 0-8 1-0 
m 0-999 0-996 0-986 0-970 0-952 0-931 
6° 1-43 2°85 5-59 8-15 10-49 12-62 
TABLE 3 
Hence C, = Co teeCu, (42) 
77 : i, +4 (8 ) 
where a ieee oo (43) 
Som=0 K m+4(8o) 
and 
: iP & : Kinsy(8o) %K ing 4(%8p) 
Cn === ¥ (2m+1)A, Le) K,., io) | a a, 
2h m=0 K m-+ 3(8o) K n+ 4(2Sq) 


As before, we must restrict attention to small values of the arguments of the 
Bessel functions, and we obtain 


Cio = 2+ 48+ 0(82), (45) 
2P - 
Ca =-- h (2-1) P+ O(?). (46) 


We have not included terms O(/2?) because they are likely to be modified when the 
neglected convection terms are brought back into the energy equation. The 
quasi-steady value of C,, is 


a > 
( a 4p, 
C, rr iP 
and so @ — me = —— (a—1). 
( qi 2h 


This is a function of h/P only, and the values of m and 6 for the same range of 
values of h/P as were used for the circular cylinder are given in Table 3. 
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On the motion of thin airfoils in fluids of finite 
electrical conductivity 


By JAMES E. McCCUNE 


Cornell University, Ithaca, New Yorkt 
(Received 29 September 1958 and in revised form 4 May 1959) 


A two-dimensional, small-perturbation theory for the steady motion of thin 
lifting airfoils in an incompressible conducting fluid, with the uniform applied 
magnetic field perpendicular to (and in the plane of) the undisturbed, uniform 
flow field, is described. The conductivity of the fluid is assumed to be such that 
the magnetic Reynolds number, &,,, of the flow is large but finite. Within this 
assumption, a theory based on superposition of sinusoidal modes is constructed 
and applied to some simple thin airfoil problems. 

It is shown that with this particular field geometry the Alfvén wave mechanism 
is important in making possible very deep penetration into the flow field of 
currents and their associated vorticity. It is also shown that the current penetra- 
tion for an airfoil is much larger than for a wavy wall of wavelength equal to the 
airfoil chord. 

A value of R,, = 5 is found to be a good approximation to infinity in this study; 
in fact, use of the present technique for values of R,, of the order of unity is 
permissible. These results provide an indication of what is meant by ‘large’ mag- 
netic Reynolds number in two-dimensional magneto-aerodynamics. 





Introduction 


In a recent paper Sears & Resler (1959) have developed basic small-perturba- 
tion theories for the interaction of the steady two-dimensional motion of an 
inviscid, incompressible fiuid of large conductivity (i.e. large magnetic Reynolds 
number, F#,,) with magnetic fields of two different orientations. They were con- 
cerned primarily with the case of infinite #,,; for that case they succeeded in 
determining the pressure distributions on perfectly insulating sinusoidal walls 
and thin airfoils when the applied magnetic field is either parallel or perpendicular 
to (and in the plane of) the undisturbed, uniform flow field. For easy reference we 
refer to these two orientations as ‘aligned’ or ‘crossed’. 

The extensive results obtained by Sears & Resler divide essentially into two 
parts, depending on the orientation of the applied magnetic field. In the case of 
aligned fields the basic irrotational flow pattern is unchanged if R,, = 00; the 
essential new phenomenon is the appearance of surface currents that modify the 
values of the normal stresses acting on the flow boundaries, whether wavy wall or 
thin airfoil. These stresses remain in phase with the classical (no magnetic field) 
surface pressures, and no drag results from the magneto-aerodynamic interaction. 
When the magnetic Reynolds number is large but finite, on the other hand, the 

+ Now with Aeronautical Research Associates of Princeton, Inc. 
29 Fluid Mech. 7 





450 James BE. McCune 


surface currents diffuse into the flow field a distance proportional to R;,} and 
a boundary layer of current appears. The stresses on the surface are unchanged so 
long as the ‘ boundary-layer’ approximation holds, and again no drag is predicted. 
This last result enhances the importance, for aligned fields, of the infinite-conduc- 
tivity theories. 

The important phenomena when the applied magnetic field and undisturbed 
fluid velocity are mutually perpendicular are markedly different. For infinite R,, 
standing waves analogous to Mach waves appear, and these waves (which arise 
from the Alfvén mechanism) carry vorticity and current into the flow field. An 
important feature of the theory is the appearance of an irrotational elliptic part 
of the flow field in conjunction with the rotational part arising from the Alfvén 
mechanism. The pressures on the boundaries are modified from their classical 
values in the crossed-fields case in such a way that a net drag appears corre- 
sponding to the energy carried off by the Alfvén waves. When large but finite 
values of #,, are introduced, the current and vorticity waves become diffused as 
they move away from the body. The situation is then analogous to the viscous 
attenuation of sound waves (Rayleigh 1946; Lighthill 1956) rather than to 
boundary-layer phenomena. 

Sears & Resler have not analysed the finite 2, case for crossed-fields except to 
show how sinusoidal waves decay. However, the pressures and forces acting on 
an insulating wavy wall are modified for crossed-fields by the introduction of 
finite values of FR, (Resler & McCune 1960); so it is important to investigate the 
extent to which the general infinite R,, theory of Sears & Resler must be modified 
in this case to allow calculation of significant aerodynamic quantities for finite 
values of #,,,. It is of particular interest to investigate how far into the flow-field 
current waves actually penetrate for finite bodies (as contrasted with the infinite 
sinusoidal wall). The results of such a study can be used as a measure of the 
possible importance, for typical aerodynamic configurations, of electro-magnetic 
interaction with the flow field. 

The present paper presents techniques applicable to linearized, incompressible 
magneto-aerodynamic problems involving a combination of the phenomena of 
Alfvén propagation and current diffusion set up by flows past bodies made of 
perfectly insulating material. The central concern of the paper is with the finite- 
conductivity magneto-aerodynamic flow fields of cylindrical bodies of finite 
chord, e.g. thin airfoils, and a procedure using Fourier synthesis of sinusoidal 
modes (in an approximate form valid for large 2,,,) is suggested. 

As a basis for this approach, the exact sinusoidal solutions of the governing 
equations are described and relations between the rotational parts of the magnetic 
and velocity fields are developed for each mode. The solutions given are more 
general than those of Sears & Resler, since they hold for all #,,,, but they are only 
a special case of more recent results (Resler & McCune 1960) which include 
effects of compressibility and arbitrary field orientation. 

These sinusoidal modes, of course, can be used to obtain the flow past infinite 
sinusoidal walls; examples have been worked out in detail by Resler & McCune. 
In order to give a preliminary indication of the range of validity of the present 
large R,, approximation, exact results for the pressures on an infinite insulating 
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sinusoidal wall are quoted from the latter work and compared with results obtained 
for the same problem using the approximate form of the sinusoidal modes. 

In the main portion of the paper a theory applicable to flows past thin airfoils, 
when the magnetic Reynolds number is large but finite, is developed for the 
crossed-fields configuration. As in the infinite-conductivity case, rotational and 
irrotational parts of the field appear. The technique used here is to construct the 
rotational part of the field by means of superposition of the appropriate sinusoidal 
modes and to relate this to the irrotational part through the boundary conditions 
at the insulating body. This procedure leads to the formulation of a boundary- 
value problem of mixed type (see, for example, equations (35a, b)), which provides 
the extension of the Sears—Resler theory to finite values of F,,,. Both the rotational 
and irrotational parts of the field are modified for finite R,,,. 

The method, which is correct to order (472,,)~!, is worked out in the present 
paper only for the lifting airfoil of zero thickness; the thickness problem can be 
treated by a completely analogous procedure. The cyclic constant of the elliptic 
field is determined in this paper by application of the Kutta condition, which 
requires that the pressure be continuous at the trailing edge of the airfoil. 

One of the results of the theory is a practical estimate of the depth of penetra- 
tion of the current into the flow field for values of R,,, of the order of one or greater. 


The linearized equations 


The governing equations of magneto-aerodynamics have been discussed 
recently by several authors (see, for example, Cowling (1957) and Resler & 
Sears (1958)). Our present interest is in the form these equations take for steady, 
two-dimensional inviscid motion. 

Let us denote dimensional quantities by (“~). The assumption of two-dimen- 
sionality requires that the electric field have only a single component normal to 


the flow i, (0,0, B), (1) 
whereas the condition of steady flow requires (Faraday’s Law) 
curl £ = 0. (2) 


Equations (1) and (2) together imply that £ = &k is constant throughout the 
flow field. 

The governing equations can be linearized in accordance with the following 
conditions. The disturbance-free configuration consists of a uniform electrically 
conducting incompressible inviscid fluid stream of speed U in the presence of 
a uniform applied magnetic field of strength H,, oriented normal to the free- 
stream direction in the plane of the flow. In the absence of disturbances it is 
specified that no currents flow, thus implying that the constant value of the electric 
field is — UH,,. The electrical conductivity, 7, of the gas is considered a scalar 
and constant throughout the field, and displacement currents are neglected. 

,. We write the velocity vector q = (U+4,0,0) and the magnetic-field vector 
H = (h,, H+ hy, 0) and assume 


ad h, hy 
uo <! and H,’H, « ie 


29-2 
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Under these conditions both the momentum equation and Ohm’s Law can be 
linearized and written in dimensionless form 


eq 1 (cH 
~—+Vp= ——V, . 
a Pe (3) 
> — f 
ink, = uth,, (4) 


where p is the fluid pressure, £ denotes the magnitude of curl H = (0,0, &), and 
Ampére’s Law has been used to replace the current by curl H. Absolute electro- 
magnetic units have been used and a magnetic permeability of unity (non- 
ferromagnetic materials) assumed throughout. 

The dimensionless parameters} R,, = oUL and m = U ,/(4mp)/H,, are respec- 
tively the magnetic Reynolds number and the ratio of the free-stream speed to the 
Alfvén speed (which might be called the ‘magnetic Mach number’). Dimensional 
quantities, denoted by (* ), are obtained from the dimensionless ones through the 


definitions p = pU2p, q = Uq, (2,9,2) = L(x, y, 2), 
H=H,H, j=cUH,j, (5) 
7) 
€ = curlH = = curl H = _ ‘ 





where p is the mass density, j is the current density, and L is some appropriate 
length for the given problem. 

Equation (4) is available in such simple form only in two-dimensional cases 
where E is constant and known. An alternative expression which is sometimes 
useful can be obtained by taking the curl of Ohm’s Law, thus eliminating E 
through equation (2). In linearized, dimensionless form the result is 

a = one V?H. (6) 
Cx Cy = 4nk,, 
This relation is correct for any (linearized) steady flow with the crossed-field 
orientation. 
xing the divergence of (3) yields 


/ 1 \ 
V? (p + —h,) = 0 (for any value of R,,), (7) 


since div H and div q are zero. Finally, taking the curls of (3) and (6) and cross- 
differentiating, one finds (Sears & Resler 1959) 


og 1 && l v2 og 
a la “Pt a : A (8) 
Ox? mtoy? 4nR,, ¢ 
20 1 @Q 1 3 
and gi ae rs EE ree (9) 
Ca? om? Cy = 4mm?R,, Cy 


where Q is the magnitude of the curl of the velocity field. Note that if R,, = 0, 
both £ and Q obey wave equations. 

It is of interest to note that when R,, is large but finite, equation (8) can easily 
be put into a form analogous with the damped sound-wave equation first studied 


+ In the absolute e.m.u. system of units the conductivity has purely mechanical 
dimensions. The R,, defined here differs from that used by some authors by a factor of 47. 
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by Stokes and recently analysed further by Lighthill (1956). (In the process, 
terms of order R,,? are neglected.) By noting that 


es Of 1 OE 
V2=— = — VE dtht —=—~ ‘thy 
sO ae Cy + O(n"), 


we can write (8) in the iterative forms 


i SE S| . (1+ ) os 10 
on: ae SY - = 1 aan 
Ca? m2 dy? ~ 4nR,, ? Cy? Cx ata 
1 os 
~~ — -(1 2)—. 10 
4nk,, lala ee ae 


Equation (10a) is in the form of Lighthill’s equations (31), p. 267. 


The basic sinusoidal modes 

In this section we shall develop the basic relationships between the sinusoidal 
modes of the velocity and magnetic fields needed for our subsequent Fourier 
synthesis method of treating finite-body problems. 

Any of equations (8), (10a) or (105) can be solved approximately for general 
flows in exactly the same way as in the treatment given by Lighthill. First, 
however, we may observe that equation (8) can be solved exactly for an elementary 
sinusoidal mode, yielding a solution, valid for any value of R,,, which takes the 


form aw 
. _ (1- . ec 
€ . ae” iAl ay Ea = 
£,(z,y) = Aye exp| # amy | | ‘an 7)/() ink, | (11) 


for y < 0. This expression is useful in making clear the behaviour of a sinusoidal 
current ‘wave’ for any value of &,,,, large or small. It can in fact be used to 
construct the flow field for a wavy wall for all R,, (Resler & McCune 1960). We 
are primarily interested here, however, in the form assumed by equation (11) 
when &,, is large, since the superposition theory for flows past finite bodies is 
relatively simple only when the square root in (11) is expanded for either large or 
small F,, 

When A(m? + 1)/472,, is small compared with one,} the solution (11) takes the 
approximate form, for y = 0, 

(ac, y) = A, etXe- my) @ FAPyy (12) 

m(m? + 1) 
where Fae” 
S7R,, 

and the boundary condition of no incoming waves has been applied. This result is 
given by Sears & Resler and is clearly in the form of a damped propagating wave. 
It is also the approximate solution to either of equations (10a) or (100) and is in 
the form given by Lighthill and others for a damped, plane sound wave. 

+ Note that this amounts to the specification of a ‘cut-off’ value for the wave number A 
when expansions for large values of R,, are used. Such a restriction on A arises from the fact 
that the large R,, approximation depends on the magnetic Reynolds number (based on 
wavelength) appropriate for each mode being large. This condition must always be violated 
for some sufficiently high mode, but it is not expected that such violations will lead to any 
important errors in practical aerodynamic problems (see the later discussion). Throughout 
this paper the parameter m is taken to be a quantity of order unity, wherever the large R,, 
approximation is used. 
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If R,, is based on the wavelength of a sinusoidal wall and A is taken to corre- 
spond to the fundamental mode, then A = 27. Such a wave is damped to 1/e its 
value at the wall when y has the value 


9 
(A2y)7} es ae 


mm(m? + 1)" 


This is the damping distance for large R,,, obtained by Sears & Resler, which is 
appropriate for current waves set up by the motion of a conducting fluid past 
a sinusoidal wall. 

Substitution of (11) into (9), and use of the boundary conditions at y = «, 
shows that for y > 0 


: iA iAm* 
Q(x, y) _ Be exp| —amy /|(e— i)/0 wer | 


provided Ai| iA mA tAm? a} , (13) 
v —— — ]} +. 
ew % \\47F,,, 4nR,,) | he 








m 


This provides the essential connexion between the curls of the velocity and 
magnetic fields. Equations (13) can of course be expanded in an obvious way for 
large values of F#,,,, and they then take on a form analogous to equations (12), with 


B, — =—— A). (13a) 


If we break up the perturbation fields into rotational and irrotational parts 
V = (u,v) = Vrpt+ V4, 
h = (h,, h,) ast hp+ V¢z, 
and keep in mind that the magnetic and velocity fields are both divergence 


free, (11) and (13) can be integrated immediately to give the perturbation com- 
ponents in the upper half plane 











ml 7 tAm? iA 1 
m —_— — 
(eR - ‘ 1) \ a 4nR 0d 
. eZ exp}| —Amz —— te ft 
“a = A(1+m? P od tAm? ° Ox 
] +-——— 
4nR,, 
(14 1Am? 1A 
v —_ 
4 : 47R C 
v,= _ A 4ah,,) B,e“7 exp] —Amy i + a: 
A(l+m?)  ’ : — Am? Cy 
“4aR,, 
iA iA 
m Nes ~1) (1+ ar) x ail - 
h \\47R,, 4nR ee ee 4nR,, 4 2 
- A(1 + m?) ? 7 d iAm? ox’ 
bas: a 
47R,,, 
‘ AI 2 iA 
| - vAm 2 all 7 
j 4nf,, eo ioe 47h, COs 
2 SY e'“< exp — AM _———- | + .. 
- A(1 +m?) " ie y 1Am? cy 
4nR,, ) 


(14) 
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provided V?¢, = V*¢é, = 0. This step is analogous to the procedure used by Sears 
& Resler and amounts to a definition of the potentials 4, and ¢,. 

The rotational parts of the velocity and magnetic fields are related for each 
mode through equations (13) and (14). The potentials 4, and ¢, can also be 
related through the linearized Ohm’s Law, equation (4), by observing that 
equality between rotational and irrotational parts of any equation must hold 
separately. Thus 

oe (15) 


for all #,,. Furthermore, differentiation of (15) with respect to x, use of the fact 
that V2¢, = 0, and subsequent integration with respect to y shows that 
2b, _ My 
= Ld y, l > 
ade i (16) 
and f(x) = 0 because of the boundary condition of uniform flow at y = 00. Equa- 
tions (15) and (16) are general and hold for any flow field with this field orientation. 
They were also given by Sears & Resler for R,, = ©. 


The wavy wall solution 

Before turning to the application of the above results to general flow problems, 
let us look briefly at the effects of finite conductivity in modifying the forces 
acting on an infinite, perfectly insulating sinusoidal wall, specified by 
Y(x) = ecos27a. These results (Resler & McCune 1960) are merely quoted here 
and are intended both as an illustration of the importance of finite conductivity 
for crossed-fields and as an indication of the error involved in approximating the 
solutions for large R,,. 

Resler & McCune show for the crossed-fields case that the pressure on the 
surface of the wavy wall is given in general by (real part implied) 


reyes 
— 27€ ( = : 
ne |m( hae 1 — } lie e27ix 





Oh =—n7. = 17 
re m|m + (m? + ~1)/(1 ey = 
( aR +E) 
or, for large R,, and m of one unity 
Chien 
—27e ( , .. (m—2)? ) .. 
Ory — _ . Bm Fg Fh 2 tr 18 
i atl ee m(m — 2%) * ' R,,(m— 2i)| : (18) 


correct to order R>}. 

It will be seen that the first term in brackets in (18) is the same as that obtained 
by Sears & Resler for R,, = «0. The second term represents the first correction to 
the pressure for finite values of R.,,. 

A phase diagram comparing the real and imaginary partsof (p—p,,)e~°7"*/(—27¢€) 
for various values of #,, ranging from 0 to « is presented in figure 1. It will be 
seen that the effect of finite 2, is to shift the phase in such a way as to decrease 
the drag per wavelength for any m. In fact, for large R,,, the drag per wavelength 


is given by D 


22 2 
—_ a ef fo m(m*? + 2) | (19) 
pU2,L m(m?+4)\" R,,(m?+4)| 
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Note that for m = 1 and R,, = 5 the correction is only 6%. Expression (19) is 
plotted against R,, in figure 2 for m = 1 and m = 3, and compared with the exact 
result obtained from (17). 
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FiGURE 1. Phase diagram showing the pressure on a sinusoidal wall Y = € cos 272, for 
crossed-fields and several values of R,,(=a7UL) and m(= U(47p)t/H,,). The diagram gives 
the real and imaginary parts of the quantity [ p(x, 0*)—p,,] e-?7*/(—27e); a negative 
imaginary part leads to positive drag. 


0-4 } eee 


CD 02 + 





FiGURE 2. Drag per wavelength on the sinusoidal wall of figure 1. The quantity 
Ch= D/(4mpU2, Le?) is plotted against R,, for the complete (all R,,) theory and compared 


with the present large F,, approximation. , all R,,; - - - -, large R,, approximation. 


m 


It will be seen from figures 1 and 2 that for this simple case of the flow over 
a sinusoidal wall, a value of R,, = 5 is large enough to provide an acceptable 
approximation to infinity when m is near one; moreover, the large F,,, approxima- 
tion is successful near R,, = 1. We shall see subsequently that this result holds 


true also for certain typical thin airfoil problems. 


Tl 
th 
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Thin-airfoll theory Use of Fourier synthesis 


The results obtained above for sinusoidal modes can be used through Fourier 
synthesis to provide the basis for solution of any small-perturbation problem. In 
particular, it is useful to study the flow field associated with a lifting airfoil of 
small camber moving in a fluid of large but finite conductivity, in order to deter- 
mine in that case the range of influence of the electro-magnetic body force. 
With this in mind, and for the purposes of simplicity, we shall use the above 
results for the Fourier components in their approximate form for large R,,,, 
correct to order R,,!. In view of the existence of a finite ‘cut-off’ value for the 
wave-number A (see footnote p. 453) it will be necessary to assume that the 
airfoils with which we are concerned are so shaped that the higher Fourier com- 
ponents of the induced rotational fields are not too important. In other words, if 


foc 


At(A) eda (20) 


we shall generally require A+(A) to vanish sufficiently strongly as |A|—>0o. This 
condition will be discussed further in a later section. 

We shall introduce the notation y* and y~ to denote respectively the upper and 
lower half planes. Applying the condition that there are no incoming waves, we 
have from (12) the approximate relations 


&(z, yt) = | ~ A+(A) etA@—mu) ey dQ, 


« ox 





(21) 


Poo 





cis. a) = A-~(A) etAz+mn e nena. | 


These relations can be reduced to an integration over the values of £ on the z-axis 
through the use of Fourier inversion. In complete analogy with Lighthill's 
treatment of damped sound waves, we find 


























‘eo T = es 4 
, l 7 
E(a, y+) = 7 E(u, O+)exp] — . sr ; du, 
n 
mi (sy tm ‘y), : ie (22 
» (22 
be ; = ”) ; 
. l 3 m y 
E(z,y-) = a, E(u, O+)exp]} + du. 
mi | (sp -(1 +m-*)y) aR (1 +m) y | 
cece pe ~« = “77 m 


Thus, if the current density on the z-axis is known or can be determined, it is 
determined throughout the field. 

Moreover, because the Fourier components of the rotational parts on the fields 
(Up, Up, App, hyp, a8 Well as Qand £) all have the same functional form, each quan- 
tity can be written for the upper and lower half planes exactly as in (22) with 
£(u,0) replaced in each case by the values of the quantity in question on the 
z-axis. Also, the Fourier transform of each rotational quantity can be related to 
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the Fourier transform of any other rotational quantity just as B, and A, were 
related in equation (13a). Consequently, knowledge of any one of the rotational 
quantities on the z-axis will determine all the others everywhere. We shall treat 
v(x, 0*) as the important quantity, because of its close connexion with the usual 
aerodynamic boundary condition at the airfoil. 

The relations between the various Fourier transforms follow in a straight- 
forward manner from the approximate form of equations (13) and (14) and their 
counterparts for y < 0. If we pair the functions and their transforms as indicated 
in table 1, then each of the functions listed obeys an equation like (20). Some of 
the important relations between the transforms that follow approximately from 
(13) and (14) are given in table 2, correct to order 


m(m? + 1) 


YY = 
; S77, 
Function E(x, OF) Q(x;0*)  ha(x, 0*) hyp (x, 0*) up(x, O*) Up(x, OF) 
Transform A*(A) B+(A) C+(A) D*(A) E+ (A) F+(A) 
TABLE | 
(m—idAy) = . . At*¥y ; 
B=(A) = + : A*(A) (2.1)| A*(A) = = m| tA(1 +m?) —-— (1—m?) | F+(A) 
m2 m 
(2.6) 
\Ay 
Bt(A) = [1A(1+ m?) + 2A2my] FF(A) (2.2) D*(A) = F m( 1+: - ) F*(A) (2.7) 
\ mm 
E+*(A) = +(m—idy) FF(A) (2.3) C*(A) = —m?F+(A) (2.8) 
Ay 
A+(A) = [iA(14 m2) + 2A2my] D*(A) (2.4) C#(A) = Fm | l “= - jE (A) (2.9) 
m 
Qi 
C*(A) + (m—iAy) D*(A) (2.5) | D*(A) = —m(1+ ) £*(A) (2.10) 
m 
TABLE 2 
These results imply, for example, that 
h, p(x, 0*) = —m?v,(z, 0*), (23) 
“J 
hy pa 0*) mre ) + “UR (2 0 ] (24) 
£(2,0*) = F ma +m?) v',(a, 0) + (1 —m?) vp(x, 0 ). (25) 
Mm 


where the primes denote differentiation with respect to x at y = 0*. Note that the 
symmetry properties of, say, v,;, determine the symmetry properties of all the 


other rotational quantities. 


V 
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Application of boundary conditions 


We are now in a position to apply the boundary conditions appropriate to thin 

airfoils. For lifting airfoils of small camber and zero thickness we have as usual 

ia) 

v(x, 0+) = ¥"(x) = vp(x, 0+) + 
cy y=0+ 

f —<a<~ (26) 

or _ <x 26 

2L m p22 
where c is the chord of the airfoil. We have further the conditions that both h, and 
h, must be continuous at y = 07. Thus 








oes a 
CO. (al) 
h, (x, 0+) —h, p(x, 0-) = — Pe -- 2 (27) 
yR yR C C 
y y=0 y y=0 
iy na 
Obs Cds 
™ bee == Ts ve 9Q 
h, p(x, 0+) —h, p(x, 0 y= -|3 —= (28) 
OX 'y-9 CY \y-0 
Substituting equation (23) into (28) we find 
P lcd, Cds 
—m?[v (x, 0+) —v,(x, 0-)] = ~| — —-— (29) 
OX | y-9 CX |y-0 
Function Symmetry in y Function Symmetry in y 
UR Symm. hur Antisymm. 
Q Symm. Up Antisymm. 
E Antisymm. 9, Antisymm. 
hor Symm. pe Symm. 
TABLE 3 
which, with (26), gives for all x 
od ad ad, Q 
m?| Pi — = 1 | =—— Ps or Pe ; (30) 
cy y=0" cy y=0-- Ox y=0 Cx y-0 
Comparison of (30) with (16) shows that for all R,, 
aS aA 
ala) cP 
a 1 -_ as 1 ib (3 1) 
cy y=0* cy y=0 


and consequently both v;, and ¢¢,/¢x are also continuous at y = 0. These results 
completely determine the symmetry of the problem; for example, the potential 
part of the flow field arises at most from a distribution of vortices over the airfoil, 
while the potential part of the magnetic field is due to a (fictitious) distribution of 
magnetic ‘sources and sinks’. The symmetry is thus the same as found by Sears 
& Resler for R,, = ©. The symmetry properties of the various quantities are 
listed in table 3. 

Further information can be obtained by substituting (27) into Ohm’s Law, 
equation (4): (x, 0+) — u(x, 0-) = (E(x, 0+) — E(x, 0-))/40R,,. 

+ No surface currents can exist, of course, for finite ?,, in the steady state, since all 


currents tend to diffuse away from the boundaries. They do not exist, however. with the 
present field orientation, even in the limit of R,,-- 00 (Sears & Resler 1959). 
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But in view of the symmetry properties listed in table 3 this implies 


| &e,0*) - 
u(x, O ) = “4mR,, ’ (32) 
and also h, (x, 0+) = 0 =h,(z, 0-). (33) 


The boundary-value problem for the potential flow 
Equation (2.3) of table 2 implies u,,(v,0*) = +mv,(x, 0+) F yup(x, 0*) and this 
result with (25) in (32) leads to a relation between cd, On| <0 and v(x, 0) 


os : . 
ae) m(m*+ 1) m(m*+ 1) 
v1 , ’ 
= : Up(x, 0) — mv,(ax, 0) +—-~ v p(x, 0) 
O% | y0 4nk,, S7R,,, 
— mv ,(x, 0) — yvp(a, 0) (34) 


correct to order F,,!. Eliminating vp with (26) and iterating in the resulting 
formula, one easily finds the alternative relations 


A AS Ae f 
CO CO = CO on . ee 
te =m -mY'(z)+y —S —~yY"(r) + O(y?). (35a) 
CX | y=0 CY \y-0 CY CL yo 
Cd, 0d, y 0d, 
rr j 9 or 
m-—— —mY' (x) me + O(y?) (355) 
O© \a ue cy mt OE" | i. 
: ( Cc 
ri . 
for ap, <2 < ap 


either of which provides the necessary boundary conditions for the potential 
field when added to conditions of vanishing perturbations at infinity and the 
symmetry properties already determined. It will be seen later that while (355) 
appears to be ina nicer form it is probably not uniformly valid. For most purposes 
(35a) will be more useful than (35). 

The first two terms in the right-hand side of equations (35) will be recognized as 
‘nn case previously 
determined by Sears & Resler. The last terms in equation (35a) represent the first 
is finite. Thus, 


forming the potential-flow boundary condition for the infinite R 


correction of the boundary condition for ¢, due to the fact that £,, 
not only is the rotational part of the field modified when R,, is finite, but also the 
irrotational field is changed through the boundary condition. 

Solution of the potential problem leads to a complete determination of the flow 
field (within the limitations already stated) since knowledge of ¢¢,/¢y determines 
v, on the airfoil through the boundary condition (26). Moreover, vp is zero off the 
airfoil (on the x-axis), as can be seen in the following manner: using the results of 
table 2 with equation (32), we can integrate the z-component of equation (3) on 
the x-axis to obtain 

m? +} 


p(x, 0*)—p,. = -—,— A, Alt, 0*) = + 
m m 


m2? + ] 7 ; 
= + | ) vale, 0) + 2, (m? + 1) vp(x, 0) 


(36) 


correct to order R,,'. But the pressure perturbations must vanish on the z-axis 
off the airfoil from symmetry considerations, so h,;(z,0~) and its derivatives 
must vanish off the airfoil. Furthermore, equation (2.7) of table 2 shows that 


oie ie es * 
v pa, 0) = + hy pA, 0- ) + ye tyR(: 0 ) (37) 


m 
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again correct to R;,1. Consequently, vp is known on the entire z-axis, and all rota- 
tional quantities, including the currents, are determined, once ¢, is determined. 

In addition, the pressure on the boundaries is immediately determined upon 
solution of the potential problem, since comparison of equations (36) and (34) 
shows that 


2 
_m*+1e 
p(x, 0*)-—p, = —-—— P| : (38) 
m* 02 |,W04 
which also implies that 
2b, 
hy plz, 0*) = = : (39) 


y=0- 
This last relation determines ¢¢,/Cy|,_9+, in view of equation (33). 

Note, finally, that the Kutta condition is satisfied, through equation (38), 
provided only that ¢¢,/Cx|,_9. is finite at the trailing edge. 


Application to thin airfoils 
(a) Direct problem 

The potential-flow boundary condition (35a) presents a rather formidable 
boundary-value problem when only Y’(x) is given, since it amounts to a differen- 
tial equation relating potential derivatives of different order on the airfoil. For 
example, the solution due to Rott & Cheng (1954), available when R,, = 00, no 
longer applies. 

The theory of conjugate functions enables one to write (35a) as an integro- 
differential equation in 0¢,/¢y|, 


0d, {(c c/2L) oe x| i J te C/ 2) )+¢) dé , rr 
Pp y 
m cy y=0' =A Ne /2L) +x} c/2L ay y=0+ 2L)— cj2—-¢"™ “7 


6 
a 


Cx 


os 7 +yY"(x) (40) 
oy y=0+ 
in which the Kutta condition has been applied. The symbol F denotes the Cauchy 
principal value. Solution of equation (40) is beyond the scope of the present paper 
and will be left for future research. 

Another approach to the problem, which is somewhat more revealing at this 
early stage, is to use the Glauert series (Glauert 1926) appropriate for that family 


of flows wherein - 
cod 





Dy i 2Lx 
x =— > B,cosn0™; — = cos. (41) 
CY \y=0+ n=0 c 
The Glauert theory shows that in such cases 
ed, | l—cos9 2 
xa = B,— + ¥ B,sinné (42) 
CX \yn0+ sin ant 


and it can be seen that this satisfies the Kutta condition at the trailing edge. 
Moreover, because of equation (38), the loading is 


Ux) = —4(p(x, 0+)—p,,) = 


4(m?+1)(,, l-cos@é 2 ; 
= B, —. + ¥ B,sinné 43 
at \}° oné@ 4 } ae 
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and the lift coefficient becomes 


C, = 


lift per unit spé 241 
_ litt per unit span _ an ( {By +4B,}. (44) 


bo? Cc 


It should be noted that the limit m — gives the classical formula. 

Unfortunately, these simple results cannot be taken too seriously, since the 
profile shapes that correspond to this family of solutions are quite unusual. The 
condition (35a) implies in this case that 


: Pena B,(1—cosé . lL . 2Lly sinné 
Y'(x)+— Y"(x) = —- “—e +m — > 2; loos nO +—sin nO +—— noe |, 
m m\ sind ees | m cm sin@ | 


(45) 


The profiles corresponding to (45) have singular slopes at the leading edge and 
singular curvatures at the leading and trailing edges, unless B, vanishes. Such 
geometrical details appear to be necessary in order to set up the family of flows 
satisfying the Glauert relations, but it is unlikely that real fluids, acting in the 
presence of boundary layers and unable to respond to detailed profile contours, 
would actually show the kind of behaviour indicated in (42). 

It should be mentioned here that application of (355) in replacing either (40) or 
(45) will result in generally more severe singularities at the leading edge (either in 
the flow field or in the profile shape) than those present when R,, = oo. The 
iterative procedure used in obtaining (355) from (35a) is consequently not uni- 
formly valid and should be applied only with great care. 


(b) Indirect problem 
Equation (45) illustrates that even the indirect problem of aerodynamics, 
wherein the pressure is specified and the profile shape is required, is not neces- 
sarily simple. Specification of the pressure amounts to specification of 0¢,/éz|,,_ 
(equation (38)), and from this ¢¢,/¢y|,_9- can immediately be determined from 
the familiar relation 


(46) 


If ¢},/ex|,_9- is not singular, this relation, along with the specified value of 
¢,/Cx|, 9, can be substituted into (356) to determine Y’(x). If 0¢,/0x|,_9- is 
singular, (35a) must be used. 

A simple example of the indirect problem for 2, = 0 was given by Sears & 
Resler. They specified that the loading be elliptic (proportional to sin@) and 
determined the corresponding profile shape. As an example of the use of the 
present theory, we may repeat their procedure for finite values of R,,. 


If the loading is elliptic, only 6, in the Glauert series is non-zero. Then (45) 


becomes 
— 1. 2Ly) 7 
Y’(x) ++ Y"(x) = —B, cos6+-— sinf + : (47) 
m | m me | 
Hence 
2 ise x es ] Vy | 
Y(x) = —B, {(2?-—4)4 1 — 42°) — cos! 2a —— 1 — 42*)}, 48 
is 1 | t) 2m V' i —” m2 | ai ee) 








le 


p 


Thin airfoils in fluids of finite electrical conductivity 463 


where L has been identified with the airfoil chord, c, and the value of Y(4) has 
arbitrarily been put equal to zero. This airfoil shape has been plotted in figure 3 for 
several values of m and #,,,, under the restriction that the magnitude of the loading 
be the same for each case. 

The airfoil shapes shown in figure 3 for m < 0 amount to airfoils of small 
amber at an angle of attack. The effect of the magnetic field, therefore, is to 
change the pressure distribution for a given airfoil from essentially that of a flat 
plate (with leading-edge singularity) to a case of ‘shockless entry’ with sym- 
metrical loading. Consequently, the magnetic field has a strong (generally 
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FiGuRE 3. Airfoil camber lines producing an elliptic loading for various values of R,, and m. 
m =00 gives the classical result for all R,,; the curve #,, = 1 is included only for the case 
m = 1. The comparison is made for the same magnitude of the loading (ef. equation (43)). 


, R,, =00 (Sears & Resler 1959); ---- R,, = 1; ——« Noo = 5. Ra =oU 1D. 


favourable) effect on the boundary layer and provides a means of shifting the 
centre of pressure. However, it is clear that except for m = 00 (zero magnetic- 
field strength) each airfoil is associated with a positive drag. This drag arises 
from wave energy carried away by the Alfvén mechanism; the effect of finite 
conductivity is to reduce the drag for the same loading. 

It will again be noted, form = 1, that R,, = 5 provides a good approximation to 
the results obtained by Sears & Resler at R,,, = «©. This conclusion holds for a wide 
range of m and is important in defining what we mean by large or infinite magnetic 


Reynolds numbers. 


Current penetration 

In order to determine the extent of the important magneto-aerodynamic 
interaction for an airfoil, let us use the present theory to compute the depth, of 
penetration into the field of the current density. For this purpose, we choose 
a convenient form for the pressure distribution and use it, through equations (36) 
and (2.4), to determine a corresponding value of the current density on the airfoil. 
This will provide sufficient information, through equations (21) or (22), to deter- 
mine approximately the current penetration into the field. 
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As an example, let us suppose that on the airfoil 


: e _ m+ ] 
p(x, 0*+)—p,, = P(1—42?) = = h, (2, 0*), (49) 
so that E(x, OF) = (1+ m?)h) p(x, 0+) = 8m*Px. (50) 


0+ i‘. —my—U 
, uduexp {4 ies | 
rcs y) | m(m?+1) } 

m3 p 
2m7R,,, 27R,, Y 
from which it is easily recognized that the limit R — oo is 2£(4, 0*) (w— my), in 
agreement with Sears & Resler. Further, the right-hand side of equation (51) can 








Thus, E(x, y* 


(51) 


be integrated exactly to give 





. : {| /Ky | (my—ax+ 4)?) { (my—a-— 4); 
E(x, y*) = £(4,0+)| | - 7 2!) exp) — : 
s(t, y") © (2 an 7 ri Ky ‘ee Ky 
L+my— —4+my—x\]) ae 
+ (x—my) erf ( Ky =) —erf ( Ky )| ; (52) 





-__ m(m*+1)_ 


= 4y. 
27R,, Y 


where 


This expression has all the correct limits, since 


» es 


erf (x) = — | edt and erf(—o) = —erf(co). 
V7 Jo 
The distance in chord lengths (measured along the characteristic line x — my = 4) 
for the current density to fall off to one-tenth its value at y = 0+ is plotted versus 
R,,, in figure 4. The current penetration is infinite if R,, = oo and still very large 
for finite R,,, 

It is of interest that the current penetration is very much larger for the airfoil in 
question than for the wavy wall with a wavelength equal to the airfoil chord. In 
fact, it is easy to check that the sinusoidal mode that is damped by the same ratio 
at the same height has a wavelength equal to about twenty-five chords. This is 
related to the fact that the current waves set up by the airfoil diffuse outward from 
their characteristic lines at the same time that they diminish in intensity, so that 
an observer at a large height above the airfoil will measure appreciable current 
density for many chord lengths in the z-direction (see figure 4). 

The appearance of the Alfvén mechanism, with its ability to carry currents and 
the associated vorticity deeply into the flow, renders the crossed-fields case more 
interesting than it might otherwise be. The large current penetration is in sharp 
contrast with the aligned-fields case (Sears & Resler 1959), where the Alfvén 
mechanism cannot penetrate the flow field, and with the small R,, case, where the 
Alfvén mechanism is not discernible for any field orientation. (In the latter case, 
the first-order currents are given directly by the fluid motion and the applied 
magnetic field, with the usual hydrodynamic flow pattern prevailing, and con- 
sequently the currents die out in about one chord length.) 
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The large #,, approximation—discussion of error 


As mentioned previously, the large R,, approximation, when used in the 
context of Fourier synthesis, requires the special assumption that the higher 
harmonics of the rotational part of the flow field (and of the magnetic field) 
are not too important. It would be useful, therefore, to give an indication of how 
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Figure 4. Current penetration into the flow field resulting from the Alfvén wave mechanism. 
The quantity y,(m?+ 1)? is the distance in chords, measured along characteristic lines, for 
the current density to fall off to 0-1 times its value at the airfoil. The inset figure illustrates 
the chordwise spread, as well as the decay in amplitude, of the current density generated 


by an airfoil of the shape shown. 


rapidly the Fourier transforms occurring in any given problem should fall off 
for large |A|. Any such indication will naturally suffer from a certain degree of 
arbitrariness, but it is hoped that the discussion given below will, nevertheless, 
be helpful. 

We have at our disposal a clearly defined ‘cut-off’ value for the wave- 
number, A* = 47R,,/(m?+1), with m explicitly assumed to be of order one. 
We shall consider the contribution of the Fourier transform for values of A 
less than A* as an indication of the magnitude of a given quantity. We shall 
then require that the contribution made for values of A greater than A* be 
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negligible in comparison with this magnitude. For this purpose we define in the 
upper half plane 


a= [raven aime (1) (on 


. 


En l. F(A) ec exp | —amy || se 1)/( i. aEN| za | 


In this approach to the problem there are really two independent considerations 
that arise. The first has to do simply with the convergence of the Fourier integrals 
involved. This is a standard problem and has nothing directly to do with the 


Ill 


large R,, approximation itself. In order to simplify the following discussion we 
shall assume that we are dealing with a problem in which the most slowly 
convergent transforms (see table 2) are absolutely convergent.+ 

Since the large #,, approximation was introduced in this problem primarily to 
enable us to deduce the boundary conditions on the z-axis, our first concern is 
with the behaviour of ¢, and M as y +0. Under the assumption of absolute 
convergence it will generally be sufficient for the purposes of the large #,,, approxi- 
mation to require that the transform (F(A), say) has no maxima at values of A 
greater than A* and that |F(A*)| < |F(Ay)|, where Ag is some reference wave- 
number at which |F'| is at a maximum. To give a specific example, let us suppose 
that we have a transform of the form A/[{[1+(A/A,)"]. In order for this to be 
absolutely convergent, n > 1, and hence |F(A*)| < |F(0)| provided A*/A, > 1. 
For this example, at the point x = 0, y = 0, where the effect of the higher har- 
monics is greatest, we find the ratio of €, to M to be of the order 





(A,/A*)" < 


Thus, in this example we simply require A* > A... 

Considerations similar to this can be applied for any given problem at y = 0 
when the boundary conditions are given and the nature of the pertinent trans- 
forms has been determined. Often, however, since the value of the function itself 
will be known on the z-axis, only the behaviour of its transform for wave-numbers 
greater than A* need be determined so that €, can be compared directly with the 
function in that region. 

It is also of interest to investigate the influence of the higher harmonics on the 
flow field as a whole, and in particular their comparative importance in the far 
field. For this purpose we note that, since A* = m/2y, 


*m/2y : \; 
: : oP Amy 
M| > | F(A) e%@-m exp ( — aa ; 
sale a 
(94) 
Po 
En S |F(A)| evda | 
1 | \ 
J m/2y 
tf Of course, in practical problems it is not necessary that the Fourier integrals all be 
absolutely convergent; convergence in the mean is sufficient. However, in that case the 
discussion of the error associated with the large R,, approximation becomes more compli- 
cated. For example, €7 does not exist at the point 2 = 0, y = 0 unless absolute convergence 
is assumed. The present discussion is limited to the assumption of absolute ecnvergence for 


simplicity. 
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and hence 


[" |F(A)|eudy 


ler | < em/2y —— Ama = (55) 
| ; F(A) eiA(r—my) exp( = a | dy 
\ eo i 





/0 


This is not the closest upper bound that might be constructed, but it has the 
advantage of being relatively easy to use. 

For example, if we again consider Fourier transforms of the form A /[1+ (A/A,)"], 
the upper bound of the ratio given by (55) is of the order (for integer n and y not 


near zero) 


[ (a — my)? + 3(m?y?)] 


Rx 
A "in — 1)! 


m 
y"* E(A*y) 

{[(my/,/2) (1 — e-#4 cos A* ¥) + X e-@ sin A* a}? 

+ [%(1 —e*” cos A*z) — (my/,/2) e-@4 sin A*X]?} 


(56) 


where a = (m?,/2/4y), & = (w—my) and E(u) is the exponential integral, 
( \ } ( g 


C2 ot dt 
ra 


eu 


It will be noted that # approaches zero exponentially as y —> 0 for all n, and 
for any finite value of y it vanishes as R,, > oo. In particular, if m = 1, and 
R.,, = 3/7, Z is proportional to e-*/6(n — 1)! at y = 1. Thus, at finite values of y the 
higher harmonics are automatically damped out rapidly due to the very nature 
of the rotational parts of the solution, and the large &,,, approximation is good in 
the far field even for functions whose transforms are themselves rather slowly 


convergent. 


Conclusions 

We have shown that it is possible to compute, with the assumption that the 
magnetic Reynolds number R,, is large but finite, significant magneto-aero- 
dynamic quantities for finite bodies immersed in an incompressible fluid stream 
in the presence of a uniform magnetic field which is perpendicular to the free 
stream and in the plane of the flow. To do this, the results of an exact calculation 
of the flow field of a small-amplitude wavy wall, valid for all #,,, and m, have been 
used in approximate form to construct a thin airfoil theory for fluids of large but 
finite conductivity. The boundary-value problem for the irrotational part of the 
flow field has been determined, and the method for obtaining the pressure dis- 
tribution on the airfoil and all rotational parts of the flow field once the boundary- 
value problem is solved has been given. 

We have used the theory to solve the indirect problem of determining the air- 
foil shape associated with a given loading and have compared the results with 
those of Sears & Resler for R,,, = 00. In addition, we have studied for a particular 
example the depth of penetration into the flow field of the currents set up by the 


motion of an airfoil. As shown in figure 4, the depth of penetration of this current, 
30-2 
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which is carried into the flow field by the Alfvén mechanism, is surprisingly large. 
Indeed, it is so large as to emphasize the need for further study of current 
penetration in practical cases, for example, when the magnetic field is non- 
uniform, or of finite extent. 

Perhaps the most significant conclusion to be drawn from the present study is 
that a value of R,, = 5 is, in the cases studied, large enough to be a good approxi- 
mation to infinity. Moreover, if the Fourier transforms of the pertinent quantities 
converge sufficiently rapidly, the present technique of expanding in reciprocal 
powers of #,,, appears to be valid in the neighbourhood of R,, = 1. These results 
help to define what we mean by large magnetic Reynolds number in this area of 
magneto-aerodynamics. 
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On the generation of surface waves by turbulent 
shear flows 


By JOHN W. MILES 


Department of Engineering, University of California, Los Angeles 
(Received 24 March 1959, and in revised form 4 August 1959) 


The model proposed by Phillips (1957) for the generation of water waves by the 
random fluctuations of normal pressure already present in a turbulent wind is 
generalized to include energy transfer associated with the interaction between 
surface wave and mean air flow (Miles 1957). It is found that this energy transfer 
may increase by an order of magnitude the surface displacements produced by 
a given distribution of pressure fluctuations in the principal stage of development. 


1. Introduction 

Two models for the generation of surface waves on a nearly inviscid liquid by 
turbulent winds have been developed recently by Phillips (1957) and Miles (1957). 
Both models are based on linearized equations of motion, both neglect direct 
interactions between surface waves and turbulent fluctuations, and both predict 
total energy-transfer to gravity waves in order-of-magnitude agreement with 
observation; however, their mechanisms are largely complementary. 

The model proposed by Phillips assumes as its essential mechanism the direct 
action of turbulent fluctuations in aerodynamic pressure on the surface of the 
water, but neglects all interaction between air flow and surface wave. It is an 
uncoupled model in the sense that excitation is assumed to be independent of 
response. (See also Eckart (1953) for a similar but rather more artificial model.) 

The model proposed by Miles neglects turbulent fluctuations (except as they 
enter indirectly through the prescription of the mean wind profile) and assumes as 
its essential mechanism the interaction between mean air flow and surface wave. 
It is a coupled model in the sense that excitation is assumed to be proportional to 
response, and it finds its antecedants in the classical problems of hydrodynamic 
stability (and also in the sheltering theory of Jeffreys—see Lamb 1945, §348). 

There can be little doubt that both of the foregoing mechanisms are operative 
in some degree, with that of Phillips providing a broad-spectrum energy-input 
and that of Miles a frequency-selective feedback. (But we must bear in mind that 
the two mechanisms are independent only in our simplified model; in reality, the 
turbulent fluctuations must be affected by the wave motion. It also may be 
pertinent to observe that, according to Townsend (1956, §6.1), the structure of 
the largest eddies is determined by the stability of the mean profile.) Assuming 
linearity, such a feedback may be expected to augment the wave-growth 
initiated by the pressure fluctuations and lead to an exponential time-dependence, 
rather than the linear time-dependence (for the power spectral density) that 
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characterizes the original model proposed by Phillips. Non-linear effects, such as 
a reduction of the energy transfer from the mean flow (cf. Stuart 1958) to the 
longer waves and breaking of the shorter waves (Phillips 1958), would eventually 
alter this time-dependence, to be sure, but we remark that the amplitudes of the 
longest (also largest and fastest) waves are likely to be limited simply by the 
length of time that the wind blows. 

We shall develop here a model that combines these two mechanisms and then 
seek to determine their relative importance. We consider first (in § 2) the response 
n(x, t) of a free surface to a pressure distribution p(x, t) + p,(x, t), where p, denotes 
a prescribed distribution and 7, is linearly proportional to 7; in the context of the 
preceding discussion, p, represents the aerodynamic pressure coupled with the 
wave motion, but we also may regard it as comprising other effects, such as 
viscous damping in the water. Eventually (in §3), we shall assume p, to be a 
stationary random function of (vector position) x and ¢ and generalize to two- 
dimensional surface waves, but initially we shall find it expedient to consider the 
nearly-periodic function 


py(x,t) = f (t)e-V9, |f/kVf| <1, (1.1a, b) 


where f (¢) is a slowly varying function of time in the sense of (1.15) and V denotes 
the convection speed. Following Phillips, we then shall focus attention on those 
(resonant) surface waves that have wave speeds c = c(k} approximating the 
convection speed V and that may be expressed in the form 


(a, t) = a(t) etx-b, |a/kea| < 1, (1.2a, 5) 


where a(t) also is a slowly varying function of time. (Assuming 7 in this form allows 
c to remain real, whereas in Miles (1957) it had to be assigned a small imaginary 
part.) After expressing a(t) in terms of f(t), we may extend the analysis to a two- 
dimensional disturbance, travelling at an angle « with respect to the convected 
pressure pp, simply by writingt 

V = Uk) cosa, (1.3) 


where W(k) is the convection speed for the pressure fluctuation of wave-number 
k (@ = H, in Phillips’s notation). We then (in §3) may generalize our result to a 
stationary random p, with the aid of Fourier—Stieltjes integrals. These could have 
been introduced from the beginning, but carrying out the initial analysis in terms 
of nearly-periodic functions perhaps serves to bring out more simply the essential 
features of the resonance mechanism (discovered by Phillips) and the associated 
approximations. 

Phillips considered two stages in the development of surface waves under 
random pressure: (a) an ‘initial stage’, during which the spectrum of the pressure 
fluctuations may be assumed to be independent of time, and (5) a ‘ principal stage’ 
during which the relatively short waves that influence the wind profile may be 


+ This is essentially Squire’s (1933) result. Alternatively, we may note that if 


n = a(t) exp [ik(x cos a+y sin a—ct)], 


the phase velocity in the direction of the convected pressure is simply c sec . 
t I am indebted to the referee for this suggestion. 
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assumed to have achieved a statistical equilibrium and during which only the 
growth of the longer gravity waves need be considered. We shall give primary 
attention (in §4) to the principal stage, for it is only then that the interaction 
between mean flow and gravity waves could have developed sufficiently to be 
important; however, in order to substantiate this last statement, we shall cite 
(without derivation) the appropriate generalization of Phillips’s result for the 
angular spectrum during the initial stage. 

Having combined the two mechanisms of energy transfer in §§2 to 4, we shall 
develop in §5 an expression for the energy transfer from the mean flow in terms 
of a Reynolds stress, following a suggestion by Lin (private communication). 
We then shall show that the energy transfer from the mean flow may be of 
dominant importance for a significant portion of the gravity-wave spectrum. 


2. Resonant surface waves excited by convected pressure 

Let (x,t) be the displacement of the free surface of a liquid of density p,,, that is 
subjected to a pressure p(x,t), and let p exhibit the w-dependence e'**. The 
equation of motion for small disturbances then may be put in the form 


(Pk) Net a (Pug F Tk*) 1] = =7 (2.1) 


where p,,/k is the effective mass per unit area for an irrotational motion of the 
liquid, and g denotes the acceleration of gravity and 7 the surface tension. We do 
not use the moving reference frame adopted by Phillips, but otherwise (2.1) is 
equivalent to P(2.11). (Here and subsequently, equations from Phillips (1957) 
will be denoted by P(_), where ( ) contains the equation number.) If p = 0, 


(2.1) has free-surface-wave solutions of the form (1.2a@) with a(t) = const. and 


ce? = gk-1+(T'/p,,) k. (2.2) 
Now let us assume 


p(x, t) = po(x, t) + p,(x, t), Py = — Cpe (2.34, b) 
where p, is prescribed by (1.1a, 6) and Cis asmall but otherwise arbitrary constant. 
Substituting (1.1a@) and (2.3a,b) in (2.1) and dividing through by p,,/k, we then 


obtain Ny — Chen, + k2c2n = —(k/p,,) f(t) & 2". (2.4) 


We observe that the complementary solutions to (2.4) are of the form (1.2a@) with 
a®(t) = eb*et, and € may be interpreted as the fractional increase in mean energy 
per radian-cycle according to 

¢ = (kc) (AE et), (2.5) 


where E denotes the mean (over an integral number of cycles or wavelengths) 
energy of the surface wave; |¢| < 1 then implies that # must be a slowly varying 
function of time in the sense of (1.16) and (1.25). 
We may express the solution of (2.4), subject to the initial conditions 7 = 9, = 0 
at t = 0, as 
eikiz—VO rt 
n(2, t) = . | emt—r) [etkV —c)t—7) — eikV te) t—1)] f(7) dr, (2.6) 
21p,¢ Jo 


where m = 4Cke < 1. (2.7) 


. 
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We now invoke our hypotheses that f(t) is a slowly varying function of time and 
that V = c; then, after several cycles (kct > 1), the contributiun of the term in 
V—c will be much more important than that in V+c,} and we obtain the 
resonance approximation 





etk(z-Vh rt 
n(x, t) = Oa exp {[m+ik(V —c)](t—7)}f (7) dr, (2.8a) 
wy /0 
if yr (2.8) 
Comparing (2.8a) to (1.2a), we obtain 
em wt F 
a(t) = Sipe | oP {- [m+tk(V —c)] 7} f (7 (2.9) 


We observe that, subject to the restrictions (1.15), (2.7 Lee and (2.86), a(t) must be 
a slowly varying function of time, as anticipated in (1.26). 


3. Response of free surface to random pressure 


Following Phillips, we now suppose the pressure acting on the free surface to 

have the stochastic form 
po(X,t) = | exp [tk.(x— Ut)] da(k, ft), (3.1) 

where x denotes vector position on the free surface, k is a (two-dimensional) vector 
wave-number of magnitude k (Phillips used x where we use £), 11(k) the convection 
velocity of that differential component of p, having the wave-number k, and the 
integral is of the Fourier-Stieltjes type. We also define a as the angle between 
U (which is assumed to have a fixed direction, namely, that of the wind) and the 
wave-front normal of a given component of 7(Xx, t) (see (3.2) below); we then may 
regard k and « as the polar (spectral) co-ordinates of k. These definitions corre- 
spond to those adopted by Phillips, but we again emphasize that we have not 
used his moving reference frame, so that where he writes x we write x — lt; this 
avoids any possible difficulties associated with the fact that, in general, the 
convection speed Y depends on k. 

Corresponding to (3.1), we may assume the free-surface response to have the 
form ' 
n(x,t) = | exp [tk.(x—Ut)]dA(k, ¢). (3.2) 
Comparing (3.1) and (3.2) with (1.1a@) and (1.2a) and regarding do(k,t) as the 
counterpart of f(t), the corresponding counterpart of a(t) is 

exp [¢(kc —k.U) t]dA(Kk, t). 

Identifying V with W cosa, as in (1.3), we then may generalize the resonance 
approximation (2.8a) according to 


rt 
dA(k,t) = Sip: ~ | exP {{m+ik(V —c)](t—7)}do(k, 7) dr (3.3a) 

= 70 
if V = Wk) cosa = c(k). (3.3b) 


+ The argument here is essentially similar to that invoked in Kelvin’s stationary-phase 
approximation. Alternatively, taking the Laplace transform of (2.6) and allowing the 
transform parameter to tend to zero (corresponding to ket > 1) reveals that the respective 
integrals are proportional to [m? + k*(V—c)?]-§ and [m?+k*(V +c)?]-4. 
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Still following Phillips, we now introduce the amplitude spectrum 


dA(k, t)dA*(k, t) 


a 7 3 


(3.4) 


where the asterisk denotes the complex conjugate, the bar implies an ensemble 
(or equivalent) average, and dk,dk,(= kdkda) is the element of area in the 
k-plane. Similarly, we introduce the pressure spectrum 


da(k, t')dw*(k,t+t’) 


I(k,t) = 3.5 
mn dk, die, att 
which is a function of the time separation ¢. Substituting (3.3a) in (3.4) then 
yields 
l ot ee 4 : E 
hj = | | exp [m(2t—7— 7’) +ik(V —c) (7’ —7)] 
4p,C* Jo Jo 


da(k, 7) dw*(k, 7’) 
dk, dk, 


ot pt 
= : 3 | | exp [m(2t—7—17')+1k(V —c) (7’ — 7) ] I(k, 7—17') drdr’, 
4p1,¢° JoJo 
(3.65) 


drdr'’ (3.64) 


where (3.60) follows from (3.6a) in accordance with (3.5). Introducing 7 + 7’ and 
7—7’' as new variables of integration, noting that II(k, ¢) isan even function of t, 
carrying out the 7+ 7’ integration, and then replacing the dummy variable 7 — 7’ 
by 7, we obtain 

emt rt 


®(k,t) = sinh [m(t— 7)] cos [k(V —c) 7] II (k, 7) dr. (3.7) 


Dp2 72 
=PwoO'M Jo 
Weemphasize that the result (3.7) is valid only over that portion of the k-spectrum 
for which (3.356) may be considered a satisfactory approximation. 


4. The principal stage; gravity waves 

We consider now what Phillips has termed the principal stage of development, 
in which t is assumed to exceed the development time of da(k, t). This implies that 
the relatively short waves that influence the mean velocity profile have achieved 
(a statistical) equilibrium and that only the growth of the longer gravity waves 
need be considered. 

We consider first the asymptotic approximation of the integral in (3.7). Let 


rt 


g,(t) = | go(7) sinh [m(t—7)] dr, g.(7T) = II(k, 7) cos [k( V —c) 7], 
" (4.14, b) 
and let capitals denote Laplace transforms according to 
G(s) = | e-g(t)dt. (4.2) 
70 


Transforming (4.1a) with the aid of the convolution theorem, we obtain 


G(s) = m(s? — m?) G,(s). (4.3) 
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We then may obtain the (first term in the) asymptotic approximation to g(t) for 
t > T, where T denotes the time scale of g,(t), simply by setting s = 0 in G,(s); on 
the other hand, we have not assumed mt > 1 and therefore do not approximate 
s?—m* by —m?*. It follows that 


g,(t) ~ G@,(0) sinh (mt) = sinh (mt) | g.(7) dT, (4.4) 
whence we obtain from (3.7) ° 
F $: 20 
(k,t) ~ 8 _ [ II(k, 7) cos [k( V —c) 7] d7 (4.5a) 
“Tw #0 
= (2p?,c?)-1 F(t, m) II(k, 0) 0(k, csec x — %), (4.5) 
where F(t,m) = (2m)-1 (e2™— 1), (4.6) 


and 4 denotes the integral time-scale of the pressure fluctuations (as defined by 
Phillips). 
Expanding (4.6) according to 
F(t,m) =t+mt?+... (mt — 0), (4.7) 


we observe that (4.5a) reduces to P(4.3) as mt > 0 provided that the resonance 
approximation (which implies neglecting cos [k(V +c) 7] relative to cos [k( V —c) 7] 
in the integral) is invoked in P(4.3) and a minor error therein is corrected by 
multiplying it by /2.7 

We conclude from equations (4.5) to (4.7) that the relative importance of 
energy transfer through the direct action of the pressure fluctuations and energy 
transfer through the interaction between surface wave and mean flow depends 
(within the assumptions implicit in our model) only on the size of mt relative to 
unity. In particular, the shape of ® vs kis independent of t if mt < 1, but otherwise 
it is not. 

We also note that if II is assumed to be independent of 7 — 7’ in (3.7), as in the 
initial stage considered by Phillips, and (following Phillips) the angular spectrum 
‘Y'(a) is defined according to 


ep e 


7 = | | Okdkda = |" ¥(a)de, (4.8) 
7 o 0 
where ep = COS! (c,,,,,/W) = cos! (4gT'/pW4)t, (4.9) 


then the time-dependent factor in ‘’, which was simply ¢ in Phillips’s result, also 
becomes F(t, m) for the present model. 


5. Energy transfer from the mean flow 


We turn now to the calculation of ¢, as defined by (2.5). Assuming that the 
motion is two-dimensional and inviscid, it is known that the rate at which energy 
is transferred from the mean flow to the disturbance is given by (Lin 1955, 
equations (4.5.1, 2)) 

0B -p 


aa oe | (uv) u, dx dy, (5.1) 


+ Phillips also has found that P(4.3) et seq. for ® require the correction factor ./2 
(private communication). 








te 
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where wu and v denote the x- and y-components of velocity and p the density. 
Assuming the flow to consist of a small disturbance with respect to the parallel 
shear flow U(y), we may take u = U(y). We also assume the small disturbance 
to exhibit the x-dependence e***, as in (1.2a), and take mean values over x. The 
Reynolds stress in (5.1) then may be evaluated according to (Lin 1954); 
— pyle = —p(mUZ/kU)2  y < Yo (5.2a) 
= 0 Y > Yor (5.26) 
where the subscript c implies evaluation at the critical layer defined by 
Uly,)=c (a= 0), (5.3a) 
or, anticipating the extension to obliquely moving waves, 
U(y,) cosa = ¢. (5.35) 


Substituting (5.2a, 6) in (5.1) and taking the mean value over x, we obtain 


ok 
“ | = —Pa 


(wv)U'(y) dy = —p,¢e(nU2 |kU?) v2. (5.4) 
5 





fe... 
0 


The mean kinetic and potential energies for the surface wave of (1.2) are equal 
if a(t) is constant and approximately equal if a(t) is slowly varying in the sense 
of (1.26); accordingly, the mean total energy is given by 


E = p,,k-7. (5.5) 

Substituting (5.4) and (5.5) in (2.5), we obtain 
C = —s(1U¢/kU,) (02/73). (5.6) 
where &= Pip,. (5.7) 


The calculation of v2 /y?, the ratio of the mean-square velocity at the inner 
critical layer to the mean-square velocity of the surface wave, requires the 
solution of the inviscid Orr-Sommerfeld equation. Only arough, integral approxi- 
mation was given originally by Miles (1957), but the equation has since been 
integrated numerically (Conte & Miles 1959) for the logarithmic profile 


U(y) = U, log (y/29), U, = Ux|k, (5.84, 6) 


where U, denotes Prandtl’s shearing-stress velocity, « (+ 0-4) Karman’s constant, 
and 2, the effective roughness parameter. Both the approximate and direct 
(numerical) integrations of the differential equation lead to the conclusion that 
if the parameter / is introduced according to 


€ = s(U, cosa/c)* £, (5.9) 
where U,/c is replaced by U, cos a/c to allow for oblique waves, then 
B= Blky.) (kyo < kYe < 2), (8.10) 


+ The neglect of viscosity in calculating the Reynolds stress can be justified (as an 
approximation) only if U7/U; < 0, corresponding to positive energy-transfer; otherwise, 
the inviscid solution may not be significant for mathematically small but physically finite 
values of the viscosity. 
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where y, denotes the lower limit of validity for the logarithmic profile. Within 
the indicated range for ky,, 8 does not depend on the parameter kz), which enters 
only indirectly through the relation between ky, and c/U, cos a; for gravity waves 
this relation may be placed in the form (from (5.36) and (5.8a)) 


ky, = Q(U, cos a/c)? exp (c/U, cos a), (5.11a) 
where Q = gz,/U% cos? a. (5.116) 


The numerical results for f are plotted in figures 1 and 2, with Q appearing as 
the family parameter in the latter. We emphasize that, since / is proportional to 
the profile curvature U’"(y,), the assumption of a logarithmic profile may lead to 
appreciable error even though the approximation to U (y) is close; this is especially 
so for the lower portion of the profile. 
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FicureE 1. f vs ky,; see (5.9). 
Returning now to the results of §4, we shall consider possible values of F(t, m), 
as defined in (4.5) and (4.6). Letting 
b= gic? (5.12) 
on the assumption of gravity waves and evaluating € from (5.9), we obtain 
2mt = Cket = sf(U, cos a/c)? (gt/c). (5.13) 


teferring to the data cited from Sverdrup & Munk by Phillips in his figure 6, and 
assuming that the convection speed W for gravity waves can be approximated by 
the anemometer speed U and that the latter is given approximately by 


U = 9U,, (5.14) 


+ The referee has suggested that, similarly, II = p? Ujk-*P(ky,, a), where the depen- 
dence of P on « is much less ‘dramatic’ than its dependence on ky,. This suggestion might 
simplify the evaluation of the integrals in (3.7) and (4.5), but it still remains to determine P. 
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as for wind speeds of the order of 10 m/sec at an elevation (of the anemometer) of 
10m and Q = 10-?, we present some representative calculations in table 1. We 
also add that calculations carried out for the initial stage lead to the conclusion 
mt < 1 for all t and k for which the pressure spectrum may be considered inde- 
pendent of ¢ and for which energy transfer from the mean flow exceeds that 
dissipated by viscosity in the water (which may be included by adding the 
negative increment — 2p,.k? to m, where p,, is the kinematic viscosity of water 
(Stokes 1850)). 





4 
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3-—Q = 2x 1072 
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FicureE 2. fvsc/U,;Q = gz,/U?; U, must be replaced by U,cosa if a 0. 
/Uy 9%o/ U1 1 A 1 


gt/U c/U a Bp Cket t1F(t, m) 
10° l 0° 0-19 0-28 1-14 
106 0-5 0 2:8 33 1018 
105 0-5 45 1-1] 6-5 10? 
104 0-5 0° 2-8 3°3 8 
TABLE 1. Representative calculations based on (5.13) and (4.6) with p,/p, = 1:2 x 10-3 
and 2 = 10-*sec?a. The values of # have been obtained from figure 2. 


It seems obvious from the values of F(t,m) indicated in table 1 that the 
inclusion of energy transfer from the mean flow yields a total energy-transfer to 
the surface waves that is likely to be much greater than that predicted (in its 
absence) by P(4.13); on the other hand, we recall that the rate of energy transfer 
from the mean flow to a prescribed spectrum of surface waves appears to be in order- 
of-magnitude agreement with observation (Miles 1959). The fact that P(4.13) 
gives order-of-magnitude agreement with observation then suggests that at 
least one of the approximations invoked by Phillips might be appreciably in error. 
Of these approximations, perhaps the most uncertain are those leading to his 
estimate of root-mean-square pressure fluctuation as (p?)$ = 0-6(4p, U2). This is 
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roughly an order of magnitude Jarger than the values estimated by Eckart (1953), 
but in the absence of actual measurements the question must be regarded as 
open.t 

It might be objected, to be sure, that the very large values of Ckct indicated in 
table 1 imply that the assumption of small disturbances cannot remain valid. 
It is entirely possible, however, that linearized theory does give the right order 
of magnitude for the energy transfer from the mean flow (even though there 
might be some non-linear reduction thereof) and that non-linear effects are 
dominant only in the dissipative mechanism. Such an interpretation is supported 
by the agreement with observation cited above (Miles 1959). 

Another objection that may be lodged against our model (although not for the 
values of c/U in table 1) is that, for wind speeds of the order of 10 m/sec, there must 
be a significant portion of the gravity-wave spectrum for which y, is so small that 
the logarithmic profile cannot remain valid. It remains true, nevertheless, that in 
the absence of viscosity some energy will be transferred from the mean flow to the 
surface waves if U7/U) < 0, as is evident from (5.4); moreover, the inclusion of 
viscosity (in the air) in the calculation actually can increase this energy transfer 
(see Benjamin 1959; Miles 1959). It also is likely that appreciable energy could 
be transferred through ‘sheltering ’—i.e. form drag, involving a flow that alter- 
nately separates from and reattaches to the wave crests (Lamb 1945, $348). 


6. Conclusions 

We conclude that energy transfer associated with interaction between surface 
waves and mean air flow in the excitation of these waves by prescribed, random 
fluctuations of normal pressure may increase the total energy-transfer by an order 
of magnitude, at least under those conditions for which non-linear effects may be 
neglected. We emphasize, however, that a decisive assessment of our results 
depends on a more precise determination of the pressure fluctuations than any 
presently available. 
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REVIEWS 


Liquid Helium. By K. R. Arkrns. Cambridge University Press, 1959. 312 pp. 
60s. 

Reading this book has reminded the reviewer that, although the raw material of 
fluid mechanics should be real fluids occurring in nature, he and many like him 
reserve the term ‘real fluid’ for fluids with a Newtonian viscosity. Good 
practical reasons for this narrow view of reality are easily found—two such 
fluids, air and water, are cheap and easily obtained, and the equations of motion 
are not too complicated—but it is useful to be reminded of the existence of other 
kinds of fluid. Much of Prof. Atkins’s book is concerned with liquid helium n, 
which is a real fluid with most remarkable properties. It is difficult to believe 
that first observation of the behaviour of this liquid produced anything but 
bewilderment, and it is an interesting experience to read of the theoretical and 
experimental work that has led to a coherent account of the bulk properties of 
this unique liquid. 

The basis of the phenomenonological theory of the properties of liquid helium 1 
is the assumption of Tisza and of Landau that it is a mixture of two fluids, the 
normal component and the superfluid, which interpenetrate freely and are 
capable of independent movement. The normal component has an ordinary 
Newtonian viscosity (of order 10-5 poise) and carries with it all the entropy of 
the liquid, but the superfluid possesses neither viscosity nor entropy. The 
proportions of the two components varies with temperature, the fraction of the 
normal liquid decreasing from unity at the A-point to zero at 0 °K. Besides 
accounting for the anomalous fiow properties and for the thermomechanical 
effects that make such spectacular demonstrations, Tisza showed that the 
above assumption implies the existence of a second mode of sound propagation 
in which counterflow of the two components takes place without change of 
density and the discovery of this ‘second sound’ has placed the two-fluid 
theory in a very strong position. 

The absence of viscosity in the superfluid might suggest that this is the per- 
fect fluid of classical hydrodynamics but the simple experiment of rotating 
a beaker of liquid helium and observing the shape of the free surface shows that, 
unlike a perfect fluid, the superfluid is capable of taking up rotation. The 
explanation is that vorticity of the superfluid is concentrated in quantized 
vortex-lines of strength h/m (m is the mass of a helium atom) and that these can 
be generated at the walls of the container if sufficient energy is available in the 
flow. In the steady state, the lines are uniformly distributed through the liquid 
and the macroscopic appearance is that of a fluid in uniform rotation. Further 
evidence for the existence of quantized vortex-lines is provided by measurements 
of the attenuation of second-sound passing through a volume of liquid helium 11 
in steady rotation, and by the approximate agreement between observed 
critical velocities of flow and the values calculated assuming that the flow can 
only lose energy if it has sufficient energy to form at least one vortex-line. 





480 Reviews 


This leads to what is for me the most intriguing problem in the hydrodynamics 
of liquid helium 11, the properties and nature of the turbulent flow in the super- 
fluid. There is little doubt that flows with velocities above the critical value are 
in fact turbulent and that this turbulent motion is shared by the superfluid, but 
consideration of the mechanics of turbulent flow in a fluid with concentrated 
vorticity and a ‘quantum’ viscosity raises some new problems. A substantial 
beginning has been made by Vinen, who has used the technique of measuring 
the attenuation of second sound to study the growth and decay of vortex-lines 
in a turbulent flow produced by a heat current. He suggests that, when vortex- 
lines approach closely, they may pinch off small vortex-rings of atomic dimen- 
sions, so forming a thermal excitation (a roton) which is part of the normal 
liquid, and he has obtained a satisfactory description of the decay of the 
turbulence using results from the study of homogeneous turbulence. This is 
a plausible mechanism for the dissipation of the energy of the turbulent motion 
and, like ordinary viscosity, is most effective at destroying small-scale compo- 
nents of the turbulent motion. It would be an interesting problem to modify the 
ordinary treatment of turbulent flow in channels by taking into account the 
special qualities of this mode of energy dissipation and to compare the results 
with the observations of supercritical flow. 

This is only one example of the problems which appear to require for their 
solution familiarity with fluid mechanics and with the structure of liquid 
helium, and I hope that hydrodynamicists will read this book and perhaps assist 
with the study of this fluid. As a very small contribution, I should like to point 
out that the statement on p. 191 (that flow of a normal liquid between rotating 
cylinders with the inner cylinder stationary cannot become turbulent at any 
velocity) is wrong, as was shown experimentally by G. I. Taylor (Proc. Roy. 
Soc. A, 157, 1936, 546). The laminar flow is stable to infinitesimal axisymmetric 
disturbances, but there are other kinds of disturbance, one of which is apparently 
amplified when the Reynolds number is large. 

There is much more in this book than the elucidation of the flow properties of 
liquid helium 11, including of course discussion of the fundamental reasons why 
superfluidity exists in helium of mass 4 and not in other isotopes or other rare 
gases, but I do not feel qualified to discuss these sections. I shall only say that 
they, like the remainder of the book, appear comprehensive, clearly expressed 
and, considering the bulk of the work described, easy to read. To me at least, 
it has provided a most interesting introduction to this subject. 


A. A. TOWNSEND 
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